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Abstract

The goal of deconvolution is in estimating the distribution of a random variable based on its noisy
observations. The goal of matrix estimation is in estimating the entries of a large matrix from
observed entries, which are noisy versions of entries in a small fraction of the entire matrix. We
study the rate of convergence for estimation of matrices with a certain monotonicity property. It
turns out to be equivalent to solving a robust version of the deconvolution problem. As the main
result of this paper, we provide a simple, intuitive algorithm for matrix estimation which extends the
works by Fan (1991) and Delaigle et al. (2008). We show that our computationally efficient method
achieves near optimal minimax rate for the matrix estimation as well as robust deconvolution. This
rate is within a constant factor to the rate achieved by the kernel deconvolution estimator in the
classical setup.

Keywords: Deconvolution, Matrix estimation, Density estimation, Latent variable model, Mini-
max rate

1. Introduction

Deconvolution is a statistical inverse problem to estimate the unknown density fx of a random
variable X based on observations of random variable Z whose density takes the form fz = T'(fx)
for some transformation 7'. For example, let the observed random variable be 7 = X + N, with
N being independent, identically distributed noise; the density fz = fx * fn with f being noise
density and = representing convolution. In this case, estimating fx is effectively the process of
deconvolution.

In a large body of such problems, including density deconvolution and errors-in-variables re-
gression, the transformation 7" is commonly assumed to be known. In the simplest scenario, we have
n independent observations of Z from which its density is estimated, thereby leading to estimation
of fx = T‘l( fz) since T is known. Fan (1991) discussed how well the unknown density and
its cumulative distribution function (CDF) can be estimated by nonparametric kernel methods with
certain smoothness conditions imposed on the density fx. In this celebrated work, they not only
address how to estimate the density and compute the rate of convergence, but they also discuss how
difficult the deconvolution problem is and how the difficulty depends on the noise characteristic.
The work provides insights on the optimal rates of convergence and the best estimators in terms of
the rates of convergence.

However, the noise density fn and hence the transformation 7" may not be known a priori
in many real-world applications. To overcome the challenge, it is often assumed that additional
samples from replicated or validation data are available to estimate fn. For example, samples of
replicated contaminated data in the form of repeated measurements as in Delaigle et al. (2008), or
sometimes direct samples from the error distribution are assumed available. Another line of works
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have suggested to estimate the scale of the error distribution, but they require a particular parametric
model for the noise density and even restrictive smoothness assumptions on the signal distribution
in some cases.

In this paper, we consider a generalization of the deconvolution problem stated above that arises
naturally in the context of matrix estimation. The problem of matrix estimation is as follows. We
are given a partial observation of a data matrix Z = [Z;;] € R™*" which is generated as per the
so-called latent variable model. Specifically, each row i € [m] = {1,...,m} and column j € [n]

are associated with latent parameters eﬁ?w, 9((: Og € [0, 1] respectively. There is also a latent function
:[0,1] x [0,1] — R. The random variables Z;; are independent across 4, j and are generated as

Z i = g(@ﬁ?w, Gé 03)+N2] where N;; are independent, identically distributed noise random variables.
The distribution of noise random variables is unknown. We observe each of Z;; with probability
p € (0, 1], independently. The goal is to recover the “mean” matrix A = [A;;] where A;; = E[Z;]

= g(@ﬁo)w, Hg 03) Ideally, we wish to retrieve a good estimate of A with as small p as possible.

Now consider row ¢ € [m] of matrix A. Recovering it requires knowing g(@ﬁo)w, -) where

{9(]

w1 J € [n]}. Now learning g(@ffo)w, -), - € [0, 1] boils down to learning distribution of ran-
dom variable X* = f (97(«?% U), where U is uniform on [0, 1]. That is, matrix estimation problem is
about learning m distributions, X*, i € [m] simultaneously from their noisy samples. This is like
the setup of Delaigle et al. (2008), but harder. Because, in the setup of Delaigle et al. (2008), we had
repeated measurements while we have only a single measurement here. To articulate this, consider
m = 1: it is impossible to learn the distribution corresponding to X! = g(@ﬁﬁ)lu, U) when the ad-
ditive noise is unknown because of the lack of repeated measurements as required in Delaigle et al.
(2008). For m large enough, as we shall show, even though above difficulty remains, we can utilize
“commonality” between columns to create a “noisy version” of repeated measurements by looking
across a row. And this requires a robust version of the method introduced in Delaigle et al. (2008)
which is an important contribution of this work. Using this improved “collective deconvolution”
method, we show that for the class of matrix estimation problem considered here, our efficient
algorithm provides a minimax rate that is nearly optimal.

To enable “commonality” as mentioned above, we utilize the monotonicity property of the ma-
trix. Precisely, we assume there exists a permutation of columns which leads to rearranging entries
in all the rows in a monotone nondecreasing manner simultaneously. This assumption has similar-
ity to the strong stochastic transitivity in rank aggregation (see Shah et al. (2016)) context and de-
gree monotonicity in graphon estimation context; see Bickel and Chen (2009) and Chan and Airoldi
(2014) for example. We note that our model is asymmetric unlike graphon which is symmetric. Due
to limitation of space, further reviews on related works can be found in the Appendix.

1.1. Our Contributions

As the main contribution of this work, as noted earlier, we present a robust extension of the works
by Fan (1991) and Delaigle et al. (2008) with the near optimal rate of convergence in terms of mean
squared error. Ours is a neighborhood-based matrix completion method that operates with a very
sparse data set. Technically, the refined use of concentration inequalities and chaining in the proofs
can be interesting in its own right.

The key technical contribution is the noise density estimation algorithm described in Section
4 (see noise density estimation procedure and Algorithm 2 in Appendix E for more details) and
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its analysis. It is aimed at imitating the setup of repeated measurements by detecting the columns
having column features close to each other.

Our estimation algorithm (Algorithm 1) first estimates the column features for every column
by taking average values, and then estimate the noise density using the estimated column features.
The regularity assumption on the latent function with respect to the column features is used in this
noise density estimation step. Thereafter, the latent function, or the inverse of the signal CDF, can
be restored exploiting the estimated noise density. We also analyze the consistency and the rate of
convergence of the proposed algorithm, which is summarized as Theorem 9 (see Theorem 3 for a
simplified version). A full description of the algorithm and its analysis can be found in Appendix E.

The algorithmic upper bounds and the information-theoretic lower bounds for the rates of con-
vergence under three different noise scenarios are summarized in Table 1.

Table 1: Mean Squared Error of function estimation depending on the noise models.

Noise Model Algorithmic upper bound Info-theoretic lower bound
Noiseless O <m> Q <(n1_;ﬁp)
Theorem 1 Theorem 4
_2 _3
Supersmooth @) <( log np) 6) Q <(1 - D) ( log(n — 1)p) ﬁ‘)
known distribution Theorem 2 Theorem 5
Supersmooth ) ((log np)- g > same as above

unknown distribution Theorem 3

1.2. Organization

The paper is organized as follows. In Section 2, we state the problem of interest and our model as-
sumptions. In Section 3, we present our main theoretical results, exhibiting the rates of convergence
of our algorithm and its near optimality. We describe our proposed algorithm with a generic recipe
and some details for the noisy scenario with unknown noise distribution in Section 4. We provide a
sketch of the proof in Section 5, including core lemmas for analysis, however, the full details of the
analysis and proof are deferred until Appendix E.

The lower bounds on MSE are stated in Theorem 4 and 5. The proof of these two theorems can
be found in Appendix B. For comparison with easier noise scenarios, we discuss the algorithm and
analysis adapted to noiseless setup (Appendix C) and to noisy setup when the noise distribution is
known a priori (Appendix D).

2. Setup

2.1. Problem Statement

We wish to estimate matrix A € R”*™ from its partial, and possibly noisy observations Z € R™*".
Let O C [m] x [n] denote the set of indices for which Z;; is observed; Z;; are such that E [Z (4, j)] =
A(i, 7). In this paper, we assume the additive noise model

Z(i,j) = A(i, j) + N(i,4), V(i,j) € O,
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where N (i, j) are independent and identically distributed random variable with zero mean: E [N (i, j)] =

0. For (2,7) € [m] x [n]\ O, Z(i, j) is not observed, denoted as Z (i, j) = . We shall assume that
each entry (7, 7) € [m] x [n] belongs to O with probability p € (0, 1] independently.
We assume a nonparametric model for the matrix A: each row i € [m] and column j € [n] is

associated with latent features 9,(1?1”, 9902 € [0,1] C R, and the (4, j)-th entry of matrix A takes the
form

A(i ) = 9 (655,65 (1)

for some latent measurable function g : [0,1]> — R. However, this representation is not unique,
because we can apply an invertible transform to the domain (latent feature space) and take the push-
forward of the latent function with respect to the transform, so that A(%, j) remains the same under
the new representation. Therefore, estimation of the latent function g is an ill-posed problem, and

we would rather focus on prediction of the values A(i, j) for (i, j) € [m] x [n].
Problem 1 Given a data matrix Z € R™*"™, can we recover the true parameter matrix A € R™*™

under the aforementioned setup in an algorithmically efficient manner?

2.2. Performance Metric

Given an estimator ¢ : R"™>™ — R™*"_which returns the estimate A = ©(Z) of matrix A using
Z, we use the mean-squared error (MSE) to evaluate the performance:

MSE(y) — ZZ( A g))2 . )

=1 j=1
We call the estimator ¢ to be consistent if MSE vanishes as the problem size (m, n) increases, i.e.

lim MSE(p)=0.

m,n—00

With these notations, the refined problem of interest is as follows.

Problem 2 [f consistent recovery in Problem I is possible for p large enough, how fast does the
MSE converge to 0 as a function of p, m and n?

2.3. Operating Model Assumptions

In addition to the assumptions for the additive noise model presented in Section 2.1, we assume
some additional properties for the latent function g (see Eq. (1)) and the noise distribution.

2.3.1. ASSUMPTIONS ON THE LATENT FUNCTION

In addition to measurability, cetain types of smoothness conditions are usually imposed on the
latent function, such as Lipschitz- or Holder continuity. In this paper, we will focus on the class of
functions g : [0, 1]2 — R, which are bounded, monotone increasing (Eq. (3)) and (I, L) bi-Lipschitz
(Eq. (4)) with respect to the second argument. That is to say,

1 <ys = g(z,11) < g(z,y2), Vael0,1], and (3)

9(x,y2) — g(x, 1)
Y2 — Y1

A, L >0 st 0<I< < L<oo, VY, Vy #ys. @)
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However, we impose no further restrictions on g with regard to the first argument.

A bi-Lipschitz mapping is injective, and is a bijection onto its image. Therefore, for each = &
[0, 1], we can define the inverse of g(z,-) : [0,1] — [g(z,0), g(x,1)], as g;* : [g(z,0), g(z,1)] —
[0, 1]. It is easy to check that g~ is also monotone increasing and (%, %) bi-Lipschitz.

2.3.2. ASSUMPTIONS ON THE NOISE

We assume noise is symmetric with mean zero, and sub-Gaussian with parameter o, i.e., £ [etX ] <
2 2

etTg, Vvt € R. In addition, we assume the noise is supersmooth (see Appendix L.2.1, cf. Fan
(1991); Delaigle et al. (2008) for more detail), i.e., there exist B > 1, and 3, > 0 such that

B Vexp (—lt)?) < on(t) < Bexp (—ltf),  teR, 5)

where ¢ (t) is the characteristic function of the noise distribution. For example, Gaussian noise is
a typical example of super-smooth noise with parameter 8 = 2. As the name suggests, supersmooth
noise is smoother than the class of ‘ordinary-smooth’ noise (cf. Fan (1991) for definition), which
has polynomially decaying tail in the Fourier domain.

2.4. Recapping the Model

For a succinct representation of the model introduced so far, we introduce three matrices of the
same size, A, N, M € R"™*". Specifically, A is the matrix which we would like to estimate. N
is a random matrix of size (m,n), whose entries are drawn i.i.d. as per a noise distribution. M is
a random binary masking matrix with each entry being 1 with probability p and 0 with probability
1—p, independently. The observation matrix Z is such that Z (i, j) = A(i,j)+ N (i,5) if M (i,7) =
1,and Z(i,7) = = if M (i, 5) = 0 regardless of the value of A(%,j) + N (4, 7).

3. Main Results

We present main results of our work by answering Problems 1 and 2 respectively. We provide
simple estimation algorithms that require robust deconvolution method. The convergence rate for
MSE under these algorithms are contrasted with lower bound results which primarily follow from
the classical literature in function approximation and deconvolution.

3.1. Algorithmic Upper Bounds on MSE

We build up towards our main result by considering increasing order of difficulty in terms of as-
sumption on noise model: (1) Noiseless: N (i,7) = 0 for all (i,5) € [m] x [n]; (2) Known noise:
the noise distribution is known; and (3) Unknown noise: the noise distribution is unknown and has
to be also estimated. Again, the main result is the scenario (3) with unknown noise, however, the
other two cases help in building solution up and are presented for completeness. The following
three main theorems explicitly state upper bounds on the MSE rate for each noise scenario, which
turn out to be (near-) optimal in comparison with Theorems 4 and 5. We present the theorems in the
language of matrix estimation, however, the algorithm proposed in Section 4 essentially recovers
the underlying latent function, namely, graphon.
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Theorem 1 (Informal; noiseless) In the noiseless scenario, there is a polynomial time algorithm
@ : Z — A, which consistently estimates A from a data matrix Z with MSE (@) = O <m> .

Theorem 2 (Informal; known noise) In the known noise scenario, there is a polynomial time al-
gorithm @ : Z +— A, which consistently estimates A from a data matrix Z with MSE (p) =

0 ((log np)_%) .

Theorem 3 (Informal; unknown noise) In the unknown noise scenario, there is a polynomial time

~

algorithm ¢ : Z — A, which consistently estimates A from a data matrix Z with MSFE (¢) =
2
0 ((lognp)_ﬁ) .

The full statements and the proofs of these theorems can be found in Appendices C, D, and
E, respectively with corresponding adaptations of the estimation algorithm and their analysis. In
a nutshell, the proposed algorithm consists of a two separate procedures of estimating the column
features (quantiles) of all columns and then estimating the latent function (the inverse of signal
CDF) for all rows. We show our proposed algorithm achieves the (near-) optimal rate of MSE in all
three noise scenarios.

We remark that the MSE converges to 0 as m,n — oo as long as p = w (n‘l), regardless of
the noise assumption. Even when there is nontrivial noise, our algorithm attains a vanishing MSE
upper bound as long as p = w(max{m~!,n~1}). This provides a positive answer to Problem 1.

However, answering to Problem 2, we require a technical condition for the aspect ratio between

m and n when there is nontrivial noise. It is necessary to have (log np)% < mp < n to achieve the
MSE upper bound as described in the Theorems 2 and 3. This condition stems from our analysis; our
proposed algorithm does not require it. The condition ensures that the error in function estimation
dominates the error in column feature estimation in the noisy scenarios. Note that this condition is
easily satisfied in most setups, and that there is no such restriction in the noiseless scenario.

3.2. Information-theoretic Lower Bounds on MSE

In order to argue the lower bound on the MSE rate for any estimation procedure, we show there
exists a pair of latent functions, which are not possible to distinguish beyond certain resolution (the

lower bound) by any algorithm from given data. Specifically, we show that for any given data H,Ef))w,

9((:]03, Z(i,j), there exist two functions g and g' which would generate identical data at the sampling
points, yet are significantly different. Suppose that there is an oracle algorithm ¢* which has access

9((:]0% However, since ¢ <9£Qw,0£i 3) = gt <97§i0)w79£10'%) for all

(i,7) such that M (i, ) = 1, even an oracle cannot tell if the data is generated as per either g or gf
based on the given data. No algorithm can outperform the oracle, and therefore, the MSE cannot be
smaller than the squared L? distance between ¢ and g'. The details of the argument are provided in
Appendix B.

not only to Z(i,7) but also to 97(«?10,

Theorem 4 (Informal; noiseless) In the noiseless scenario, for any estimation algorithm o, there
exists a hard instance for which M SE(p) = ) ((nl_;gp) .

Theorem 5 (Informal; additive noise) In the additive noise scenario, for any estimation algo-
rithm o, there exists a hard instance for which M SE(p) = <(1 —p)(log(n — 1)p) _3/6) .

6
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4. Algorithm

4.1. Generic Recipe

We shall use a “generic” recipe for estimation in all three scenarios considered in this work: noise-
less, noisy with known noise distribution, and noisy with unknown noise distribution. The generic
algorithm is adapted for each setup to deal with the effect of the noise. Due to limitation of space, we
shall provide details in Section 4.2 for the scenario when the noise distribution is unknown, which is
the most challenging case. However, details for all the scenarios as well as accompanying analysis
for each setup can be found in the Appendix C (noiseless); D (known noise) and E (unknown noise).
The generic algorithm for each of the three scenarios is as follows:

Algorithm 1: Generic recipe of the algorithm

1. Estimate the latent feature (=quantile) 9902 of column j. Let it be denoted by 4(j) j € [n].

2. Estimate F() = 9_19<i) on row ¢, which is the inverse of the latent function ¢ (eﬁ?w, )

T=Urow

restricted on the first coordinate. Let it be denoted by FO, e [m].

n . . Ao\ 1
3. Plug in the estimates: A(i, j) = ¢ (4(4)), i € [m], j € [n], where §)) = (F(’)> .

We note that, by assumption, for any given z € [0, 1] the latent function g(z,-) : [0,1] —
R along the second dimension is continuous and monotone increasing in our model, and hence
invertible. The inverse of g (for a fixed x), namely, g~ *(z,-) : R — [0, 1], can be viewed as a
cumulative distribution function for a certain distribution on R. In short, for each row i € [m], we

(4)

can consider the latent function restricted to & = Oy, i.€., g(x,-), as the inverse of the cumulative
distribution function of signal along row 4. The estimation of F(*) changes depending upon whether
it is noiseless or noisy with known / unknown noise distribution.

4.2. Details

We describe details of the steps outlined in the generic algorithm above for the most challenging
scenario with unknown noise distribution. We will be brief here due to space limitation. However,
further details can be found in the Appendix E.

4.2.1. SOME NOTATIONS

Fori € [m], j € [n], let

Bi={j' €n]: M(i,j') =1} and B/ ={i’ € [m] : M (¢, j) = 1}. (6)
Define Heaviside step function H : R — {0, %, 1} using the indicator function I as H(z) =
$(I{z > 0} + I{z > 0} ). That s, D=1 H(Z(i,j1) — Z(i, j2)) is the number of entries Z (i, j)
in row ¢ whose value smaller than Z (3, j;) while Z (i, j1) (and indices with value equal to it) being
counted with weight %
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4.2.2. STEP 1: ESTIMATING Héf)g BY Gmarg(j), J € [n].

Given Z € R™*", define Znar, as the column average of observed data. That is, Znarg (j) =

% if B" # 0. If B/ = (), we let Ziary(j) = % by default. Then, for j € [n] let
i=1 )

N , p
Qmarg(]) = E Z H (Zmarg(]) - Zmarg(] )) . @)
=1

4.2.3. STEP 2: ESTIMATING F(¥) = 9_19(i> BY F, i e [m].

T=Urow

Each entry in the row 7 can be viewed as a sum of two independent random variables: the first

random variable is g(@fnio)w, 0902) with the randomness induced due to that in the column parameter
0((:]0% that are sampled uniformly from [0, 1]; the second random variable is the additive noise. There-

fore, the empirical CDF of the observations gives good estimation of distribution of the summation
of these two random variables. However, the interest is in recovering the distribution of the first
random variable. If we do know the distribution of the second random variable, we can deconvolute
the effect of noise by deconvolution kernel estimator.

Putting it other way, we wish to recover distribution of random variable X, but we observe sam-
ples of Z = X + N instead of X. And we do not know the distribution of /N. Due to independence,
we know that ¢z (t) = ¢x (t)pn(t) forall t € R, where ¢z, ¢x, ¢ denote the characteristic func-
tion of random variable Z, X and N respectively. To overcome the challenge of unknown noise
distribution, we estimate the noise characteristic function first and then estimate the CDF using
kernel deconvolution, but with an additional ridge parameter to avoid division by zero.

Indeed, this is known as deconvolution kernel density estimator in literature. We shall adopt
prior results Carroll and Hall (1988); Fan (1991); Delaigle et al. (2008) to our setting. In particular,
in the prior setting, to estimate noise distribution, it is assumed that for a given fixed instance of
X, we have multiple noisy observations, e.g. X + Nyp,..., X + Ni with k large enough. In our
setting, it is effectively one sample per instance of X. So it is not straightforward to estimate noise
distribution. We overcome this challenge as follows (further details can be found in Appendix L).

Noise Density Estimation. We shall explain how to produce estimation b ~(t) for noise distri-
bution using pairs of observations from rows i € [m]. To begin with, suppose that we can repeat-
edly observe the same instance X; of target random variable up to independent additive noise, i.e.,
Z;j = X; + N;; with IV;; independent. Although we don’t know the value of X;, we can see that
the difference in the observed data entries is equal to the difference between two independent noise
instances: Z;1 — Zj2 = (X; + Nj1) — (X; + Ni2) = N;1 — Njo. Assuming symmetry in the noise
distribution, N;; — N;2 = N;1 + Nyo. Therefore, ¢n,, —n,, (t) = ¢ (t)%. From symmetry of N, we
know that ¢ (¢) is real-valued. Moreover, it is positive because N is supersmooth. Therefore, we
can estimate ¢ (t) by taking square root of the (the absolute value of) estimate b N —N, (1) as

1
n 2

On(t) = by} = |~ 3" cos [t (Vi — Nig)]

n -

However, the repeated measurement assumption is not feasible because we have at most one mea-
surement for a given index (i, 7). Despite this challenge, we can still hope to obtain almost repeated
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samples from observations in a given row, if we choose columns j1, j2 € [n] that have very similar

features 9(] DN ng) so that

Z(Zvjl) - Z(Z7]2) = [A(Zvjl) - A(Z7j2)] + [N(Z7]1) - N(Zva)] ~ N(Z7]1) - N(Za,72)
9(J1)~9(J2)

col

This intuition leads to the following procedure. For each i € [m], we produce different estimates
¢, namely, ¢ ; using data only from the rows i’ € [m] \ .

L. Let T := {(i7j17j2) € [’I’)’L] X [n]Z : M(Zyjl) = M(Z7]2) = land (jmm"g(jl) ~ quarg(j2)}~
2. For i € [m], define 7; as 7; := {(i’,jl,jg) eT i # z}

1/2

3. Fori € [m), estimate ¢ (¢ \T| 2 (ij1,j2)eT; COS [t (Z(i,j1) — Z(i,jg))] ‘

Intuitively, 7 is the set of index triples to imitate the repeated measurements: Algorithm 2 in Ap-
pendix E for its construction. For each row i, we estimate the noise characteristic function ¢y ; by
using 7;, which is a subset of 7 tailored to exclude the data from row i.

Estimating (). Recall B; = {j € [n] : M(i,j) = 1} (see Eq. (6)). We define the kernel
smoothed CDF estimator with unknown noise density as follows. Given constants D, D5 such that
Dy <infy yepo1) 9(2, y) and Dg > sup, yc10.1) 9(2,Y)s

() =  Jo fO)dw, if 2 < Dy, ®
1, if z > Do,

where
(- L S <Z - Z(i7j)> 4 i L[ e ox(®) o)y,
f(z) HIB] ]%;i - an (2) o /e PRI

The kernel bandwidth parameter i = (4’}/)% (log ]B,\)_% where /3 and «y are smoothness parameters
for the noise (see Eq. (5)). We choose the ridge parameter p = |Bi|_7/ 24 We choose a kernel K
satisfying the following conditions: (i) K is symmetric, i.e., K (x) = K(—x) for all z € R; and (ii)
¢ is supported within [—1, 1]. More details can be found in Remark 19 in Appendix D.

4.2.4. STEP 3: ESTIMATING A(i,§) BY A(i,7), i € [m)],j € [n].

) Lo\ 1
Foreach i € [m], let G = (F (2)) denote the quantile function (right pseudo-inverse) associated
with £, Plugging Eq. (7) into it leads to the estimate of matrix entry:

A(,5) = §9 (dmarg(§)) - ©9)

5. Sketch of the Proof of Theorem 3

Here we provide a sketch of the proof of main Theorem 3. Details can be found in Appendix E.
The key to establishing this result is arguing that each of the three steps of the algorithm detailed in
Section 4.2 succeeds. This is what we do next.
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5.1. Step 1 Works

Recall Dy, D3 are some constants such that Dy < inf, 1917 9(z,y) and Dy > SUP, ye(0,1] g(z,y).

We define two other constants C; = ﬁ and Cy = gg, which depend on model parameters

Ds—D

4T (V142 | V2 +\/§)
- - ' oo ( o + ) Next we
establish that the quantile estimates concentrate around the true column features.

[,o0. We define a threshold for quantile estimation ¢} =

* __ 1
Lemma 6 Foranyt > 2t; = ®<W>’

n * nt? mp
>t) <exp (5 (t—t;)) +exp (2 ) +exp (- 2F).

Proof [Sketch] Consider an ideal estimator G.(j) = % St _H <9( i) _ g\ )) , which has access to

P (|dnars(4) — 605

J col col
the hidden column features. Now

9(])

(j) —6Y) d.(j) — 609,

col

|Qmarg (4) — | +

Due to uniform distribution on [0, 1] for column parameters, one expects

0-0) — 0| =

col

Therefore, to obtaln error bound of ¢t > t* (we assume mp < n), it boils down to controlling
|Gmarg(7) — G+(j)|- We obtain a probablhstlc tail upper bound for |Gmarg(j) — G«(j)| by rewriting it
as the sum of indicator which is dominated by a certain binomial random variable. This leads to the
desired claimed bound. Please see Appendix G for details. |

5.2. Step 2 Works
We define thresholds t;; and 77} relevant for CDF estimation in AppendixE.2.2 (cf. Eqgs. (57), (58)).

1/8
— log 2
In effect, they are such that t; = O (( log np) Y 6) and Ty = t5+C % for some constant

(np
C'. We define an event which we shall show to hold with high-probability as follows: for i € [m],

Eu) = {% < |Bi| < QHP}-

Finally, we take a note of “remainder term” \i/mm,p, defined precisely in Eq. (59) which turns out to
be o(1) with scaling of m, n, p. Now we state the main result about Step 2 of the algorithm working.

Lemma 7 Foranyi € [m], and for any t > T,

P < sup E@) (2np)% exp < ( 2 ) ( g) > + Wonnp-
2€[D1,Dz] 8C3 (log(2np))?
The constant Cy =

Koz = Supy ‘¢K(t)’

F@@)—fﬂnw‘>t

BKmacv(DZ_Dl)
1

T , where B > 1 is a noise model parameter (see Eq. (5)) and
m(4y) P

10
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Proof [Sketch] Details can be found in Appendix I, here we provide a very succinct summary.
The main idea of the proof is to decompose the desired probability into three pieces using triangle
inequality and the union bound: (1) the variance of as ( ) (Eq. (99)); (2) the bias of the CDF
estimator in the known noise setup (Eq. (100)); and (3) the discrepancy in the estimator between the
known noise and the unknown noise scenarios, i.e., E [F @ (z)] —E [F @) (z)} (letting F’ denote the
estimator with known ¢ ) (Eq. (101)). Since [D;, D-] is a compact set, we can obtain the desired
bound by chaining technique whenever the supremum over [D1, D] is considered.

Controlling (1) is accomplished by applying McDiarmid’s inequality and the result is stated as
Lemma 44. There is an upper bound for (2), which is stated in Lemma 29 and its proof is based on
the upper bound result by Fan (1991).

The most challenging aspect of this Lemma (and of this paper) is to establish that (3) is well-
behaved. This requires us to identify a set of events that hold with high-enough-probability, and
conditioned on those events, the desired bound holds. The set of events are listed in Appendix 1.6.
A sequence of Lemmas in the first three subsections of I precisely argue what the above statement
claims. All in all, when the dust settles, we obtain the desired claim of this Lemma. [ |

5.3. Step 3 Works

Using Lemmas 6 and 7, we establish a probabilistic tail bound on |A(i, j) — A(i,j)| and then
integrate it to obtain a bound on Mean-Squared-Error (MSE).

5.3.1. PROBABILISTIC TAIL BOUND

For given choice of parameters ¢ > 0 and L, m, n, p, t;, Ty, we define two conditions:
B = {t < 4Lt;} and  Fy = {t < 2LT5}. (10)

Theorem 8 For each (i,j) € [m] x [n], forany t > 0,
. t— 2Lt

[0
+ (2np)s exp < 2 5 (t —1t5) ) I{E5}
8C2 (log(2np))

t2
b (~gr ) B 1) 4 Wy (D)

where tg, Ty and YV, 5, ,, are some functions of m,n, p, which do not depend on t.

In above, V¥, ,, , is defined in (63). It can be seen that the terms in the last line of (11) decay to 0 at
an exponential rate as min(m, n)p — oo, independent of ¢.

Proof Let0* = FO (A(i,)) = FO (39 (Gnarg (1)) Now 6% = Ginarg ()] < |[F© — FO
because F'() is continuous. Since A(7,7) = §9 (Gimarg(j)) = (97(%)1”,9*), and g is (I, L)-
biLipschitz,

A, i) = A7) = | (69,,65)) — 9 (00.07)| <

[e.e]

g\ _ Qmarg(j)‘ + HF(Z’) _ F®

col

11
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If FO @\ <t then

2L

Héjog - Qmarg(j)‘ < o, Alu,i) — A(z’,j)‘ < t. Therefore
P (‘fl(z’,j) . A(z‘,j)( > t)

< P (|anars () ~ 82

o0

> 57+ (s 00 - P06 > g ) 2 (51)

by applying the union bound. Now, we can conclude the proof by applying Lemmas 6 and 7. |

5.3.2. MEAN SQUARED ERROR

Let ¢ denote the estimator which maps Z to A. The mean squared error of estimator ¢ is given as

MSE (¢) = /Oo 2uP ( A(i, §) — A(z’,j)( > u) du. (12)
0
Define
(@)5/12
c(n,p) = 2 =
8C% (log(2np))?

Theorem 9 (The Full Version of Main theorem 3) The mean squared error of the deconvolution
kernel estimator ¢ is bounded above as follows:
3Lm

MSE () < AL*Ty* + (ALt)* + 4Lt [
n

2
U (D2 _ D1> .

1
AL (2np)s | ——— + 1] —
+ ( np) |: + 0 n n2

T } 8L2 288L2
c(n, p)

c(n, p) "

We remark that 4L2T6k 2 is the dominant term, which scales as O ((log np)_%> (see Eq. (56)

for definition of Tff). As a result, the upper bound diminishes to 0 at the rate of (log np)_% as
mp,np — 0.

6. Discussion

We end this paper with two remarks. First, there is an exponential gap in the mean squared error
between the noiseless setup and noisy setup where measurements are corrupted by super-smooth
additive noise. The gap is natural because recovery from noisy measurements should be more
difficult, but it is surprising to observe an exponential gap. We note that the exponential degradation
stems from the super-smooth assumption on the noise, and we strongly believe it is possible to
obtain a similar result with only a polynomial gap when the noise is ordinary smooth (i.e., the noise
characteristic function has a polynomially decaying tail).

Second, it is noteworthy that we do not have column features available at our hand, unlike the
setup in those existing literature. However, we are still able to evaluate our estimated function at
unknown points to reconstruct the matrix and the asymptotically optimal rate is achieved. This
was possible because we are not estimating a single function, but collectively estimating a set of
functions and a kind of collaboration is happening between the functions. If the column features
(or extrinsic covariates) need not be estimated but are available from other sources, our task truly
reduces to learning row-wise distributions and we obtain the same bounds.

12
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Appendix A. Related Works

Early works on the problem of density estimation under the assumption of known measurement
error distribution focused on addressing how to estimate the unknown density and compute the
rates of convergence of the methods for specific error distributions. These early works include
Carroll and Hall (1988), Devroye (1989), Fan (1993), Mendelsohn and Rice (1982), Stefanski and Carroll
(1990), Stefanski (1990). Among those vast amount of literature, Fan (1991) discusses how diffi-
culty of the deconvolution problem depend on the dispersion of the noise by introducing the notion

of supersmooth and ordinary smooth noise, thereby providing insights on the nonparametric decon-
volution.

Subsequently, the problem of density estimation with unknown error density, which is also
estimated from samples of the error itself, has been considered; see Diggle and Hall (1993) and
Neumann and Hossjer (1997), for example. In particular, the setup where there are replicated mea-
surements for each inherently different samples—with errors being independent and the intrinsic
signal of the observations being the same among repeated measurements—drew much attention. For
example, Jaech (1985) described an experimental setup where the uranium concentration is repeat-
edly measured for several fuel pellets; Biemer et al. (2011) discusses repeated observations in a
social science context, e.g., in surveys. There are also a plenty of works under the setup on med-
ical and clinical research, for example, Bland and Altman (1986) on lung function, Dunn (1989)
on a brain-related study, Eliasziw et al. (1994) on physiotherapy for the knee, etc. Further medical
examples can be found in Carroll et al. (2006) and Dunn (2009).

Delaigle et al. (2008) argues that even in such a setting of unknown error density with repeated
measurements, a modified kernel deconvolution estimator using the estimated error density and
a ridge parameter to avoid division-by-zero achieves the same first order property as the original
kernel deconvolution estimator considered in Carroll and Hall (1988), Fan (1991).

Our problem of interest is closely related to, but not limited to the problem of matrix completion.
It is because we are not only recovering the matrix as a stack of numbers, but the underlying latent
functions and column features.

There have been a huge amount of intellectual advances in the matrix completion, especially in
spectral approaches such as matrix factorization. This method is based on the observation that all
matrices admit a unique singular value decomposition, and its goal is to recover the target matrix by
estimating row and column singular vectors from the partial noisy observation. Since Srebro et al.
(2004) suggested to use low-rank matrix approximation in this context, many statistically efficient
estimators based on optimization have been suggested. They prove that rn log n samples out of n?
entries suffice to impute the missing entries by matrix factorization, where r is rank of the matrix to
recover; see Candes and Recht (2009), Candes and Tao (2010), Rohde et al. (2011), Keshavan et al.
(2009), Negahban and Wainwright (2012), Jain et al. (2013), for example.

However, many of these approaches require that the matrix is of low rank (r < n) to achieve a
sensible sample complexity. As Ganti et al. (2015) pointed out, a simple nonlinear entrywise trans-
formation can produce a matrix of high rank, although there are only a few free model parameters.

Latent variable model is a more general model and it subsumes the low rank model as a special
case where the latent features are r dimensional vectors and the latent function is given as their inner
product (or a bilinear function). Chatterjee (2015) proposed the universal singular value threshold-
ing (USVT) estimator inspired by low-rank matrix approximation and he argued that the USVT
estimator provides an accurate estimate for any Lipschitz function under latent variable model.
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However, with his analysis based on step function approximation (stochastic block model approx-
2
imation), to obtain a consistent estimate for an n x n matrix, {2 (nz_r_ﬁ) observations out of n2

are required, where r stands for the dimension of the latent spaces where the row and column latent
variables are drawn from. The rate of USVT is further investigated in a more recent work by Xu
(2017).

In contrast, Lee et al. (2016) suggested a similarity-based estimator for collaborative filtering
346

and they proved that their estimator requires €2 (n ) for any small § > 0 out of n? for con-

sistency of the estimator, as long as » = o (logn). They reported that the bottleneck in sample
complexity was the overlap requirement between pairs of rows, which necessitates np? > 1, which
is a commonly observed phenomenon in neighbor-based approaches.

When interpreted as matrix completion method, the algorithm suggested in this paper can avoid
this restrictive overlap requirement by using distribution signatures, such as moments of distribution
(in fact, the characteristic function is used). For that purpose we additionally assumed monotonicity
of the latent function with respect to the column feature. We will discuss later that this monotonicity
assumption is required only 1) when our goal is to estimate the matrix entries, or 2) when the
noise density has to be estimated. The assumption is not necessary if we are to estimate only the
distributions, or equivalently, the latent function.

This flavor of monotonicity assumption is quite common in crowdsourcing and ranking liter-
ature. For example, the Dawid-Skene model suggested in Dawid and Skene (1979) and its gen-
eralization (see Zhou et al. (2015), Khetan and Oh (2016)) assumes each worker ¢ and task j are
respectively assigned latent features p; and ¢; in the interval [0, 1]. Roughly, p; denotes the com-
petence of worker 7 and g; denotes the difficulty of task j. Actually our assumption is weaker than
this, because we assume monotonicity only for the column features while this line of works assumes
monotonicity in both directions.

Similarly, in the literature of rank aggregation from pairwise comparison, the Bradley-Terry-
Luce model ( Bradley and Terry (1952), Luce (1959)) and the Thurstone model (Thurstone (1927))
are in the mainstreams. Some generalization of it such as nonparametric Bradley-Terry model by
Chatterjee (2015) and Strong Stochastic Transitivity Shah et al. (2016) are suggested, but they still
share the monotonicity at the core.

Another related field of research is that of graphon estimation. A graphon is a measurable
function W : [0,1]2 — [0, 1], which was originally introduced as a limit object of the connectivity
pattern in graph instances, but it is now also widely used as a generative model in the study of large
networks.

Suggested as a nonparametric framework for the analysis of networks, estimating graphon has
gained huge interest in the scene of modern statistics. The framework relates to stochastic block-
models Airoldi et al. (2008), Rohe et al. (2011) and degree-based models Bickel and Chen (2009),
Chatterjee et al. (2011), Bickel et al. (2011). Theory and algorithm for the consistency and the rate
of convergence for the graphon estimation have been pursued via numerous approaches including
Wolfe and Olhede (2013), Airoldi et al. (2013), Zhang et al. (2015). Recently, Gao et al. (2015)
and Klopp et al. (2017) discussed the optimal minimax rate of convergence, but unfortunately their
algorithms are not computationally tractable.
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Appendix B. Lower bounds: Proofs of Theorems 4 and 5
B.1. Lower Bounding MSE By L? Function Distance

Here, we establish that the MSE of any estimator can be lower bounded by L? distance between
“estimated” latent function and actual latent function. This will be useful steps towards establishing
the desired bounds in Theorems 4 and 5 since for each context, we will identify hard instance of
latent functions that will be difficult to estimate in terms of L? distances. To that end, we shall
assume that our estimator ¢ has access to an oracle that provide information about latent parameter
associated with each column. Clearly, the lower bound on MSE for such a powerful estimator will
be lower bound on MSE for any valid estimator.
Recall that the L2 norm of a function g defined on [0, 1] is defined as

1/2
gl 220,11 = (/ lg(x ’dJC) . (13)

We use a subscript to explicitly indicate the function is estimated from a certain number of sample
observations, i.e., we let ¢, denote an estimated function for g from v sample points. Also recall
the definition of MSE from Eq. (2): for estimator ¢ : Z — A%,

MSE(yp ZZ( A, j))2

i=1 j=1

Lemma 10 For any algorithm ¢ : Z — A%,

MSE(¢) > (1 -p)E,0) 40 [

row-sY col sV

2
(97(’(1)2117) _9(07(“021;7 )‘ £2[0 1}:| 5

where v ~ Binomial(n — 1,p) and 01 denotes {Hcol € [n],7 # 1}

col

Proof Given an algorithm ¢ : Z — A%, we first reduce the expression of MSE as follows:

MSE(s ZZ (4%G.5) - AG, j))2

i=1 j=1
- —ZE Ly (47,0 - 46.9)
n j 1 ) )
1 ~ 2

= ZE {(A‘p(l,j) - A(l,j)> ] " rows are exchangeable

=1

. 2
=E {(A‘p(l, 1) — A(1, 1)) ] *.- columns are exchangeable
2
{( 2000840 = 9(0%8),,05))) ] - (14)

Note that ¥ is a function estimated based on the data {Z(i, j) : (i,7) € O}.
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Now suppose that the algorithm ¢ is equipped with an oracle, i.e., it can access to the true value
of the latent features for (i,7) € O. For an oracle algorithm having access to 9£2, there is no
information utilized to estimate A¥(1,1) from the observations {Z(i, j) : (i,j) € O,i # 1}. Note
that no regularity is assumed over the first coordinate of latent functions g in our model other than

(1)

the monotonicity assumption. The restriction of function g at two different row features, g(0row, )

and g(@,@u, -), can be very different and the only information transferrable from one row to another
is the pairwise order between column features. Since ¢ already has access to the true column
features, the mutual information between A?(1,1) and {Z(i,j) : (i,j) € O,i # 1} is zero.

Recall that M is the masking matrix, i.e., M (i,7) = 1 if and only if (i,j) € O; otherwise,
M(i,j) = 0. We let M(1,-) denote the first row of the matrix M, and let v = > ", M (1, )
denote the number of observed entries in row 1, excluding (1,1). Note that v is a random variable

(=1)

distributed as per binomial distribution Binomial(n — 1,p). We use 0 as a shorthand notation

col
to denote {HCol € [n],j # 1}. Assuming ¢ perfectly restores g at {(Hﬁo)w, 9&3) :(i,9) € (’)},
it follows that
Eq.(14) = Eyq) E9<1379< Y [(9 (050,05 — (97(%)10793)) 95&”
=By, Eegg,egoll),Ma [( v erngegl (97@},20,9&? )> 9§£LH . oracle
[ ) 1)
> By (B0 any | (37008800600 - a0, 000) 100101,1) 2 13 018 |
2
> (1—p)E o) ) — (o) :
= ( p) eg}))wﬂidl)’ |:‘ g,,( row? ) g( row> )‘ £2[0,1]
|
2
In the subsequent sections, we investigate lower bounds on ‘ a7 (97(%21,, )= 9(97(,2,” )‘ L2, 0 es-

tablish Theorems 4 and 5. Without loss of generality, we may assume our matrix is a 1 by n matrix
due to the oracle argument. To further establish lower bound, we shall suppose that given {97(%2”},
{Gﬁjo)w Yiem 1Z2(1,5) 4 [ ] and M (1,7) = 1}, the algorithm ¢ can perfectly estimate the func-

tion g(@fnozy, x) forx € {0
function ¢’ such that

€ [n], M(1, ) = 1}. Then we show that there exists an adversarial

col

l. g (97(02,},922) =4f <97(%2,J, 9303) for all j € [n] such that M(1,5) = 1, and

2. Hg(eﬁ)w, ) — T(Q%L, )HL2[0 . is sufficiently large.

Then, there is no way for ¢ to distinguish g from g based on the data, ¢ would return the same out-

put ¢ even if the latent function g were replaced with g'. Therefore, H g(@ﬁé)w, )—gf (Hﬁ)w, )‘ 20.]

establishes a lower bound on M SE(y). More detailed argument for the noiseless case (Appendix
B.2) and noisy case (Appendix B.3) will follow.
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B.2. Proof of Theorem 4

In this section, we show that for any slice of true latent function ¢; := 9(97(%2,}, -) :[0,1] - R and
for any set of sampling points y1, . .., y, € [0, 1], there exists an adversarial function gJ{ :[0,1] = R
such that g1 (y) = gJ{ (y) forally € {y1,...,y.}, yet |lg1 — gIH% > < for some universal constant
¢, independent of g; and v. This claim follows from a classical result in function approximation
theory.

We define some notations before introducing the function approximation lemma. Recall that
the L' norm of a function g : [0,1] — R is defined as [|g|| 10,1 := fol lg(x)|dz (see Eq. (13) for
comparison with L? norm). We let L'[0,1] := {g: [0,1] = R : ||g|| 19,1 < oo} denote the space
of functions with finite L' norm, i.e., integrable functions. We also recall that C*°[0, 1] is the space
of functions defined on [0, 1], which are infinitely differentiable. Lastly, we call a function g to be
d-Lipschitz if ||g(y1) — g(y2)|| < d||y1 — y2|| for any two points y;, y2 in the domain of g.

Theorem 11 (Kudryavtsev (1991), Lemma 4.4, simplified) There exists a universal constant c
such that for every v € N, and for any yi,...,y, € [0,1], there exists a §-Lipschitz function
h € LY0,1] N C*°[0, 1] for which

1. h(y;) =0, foralli=1,...,v, and

)
2. 1Pl 220, = e5-
We use this theorem to prove Theorem 4.

Theorem 12 (Full version of Theorem 4) In the noiseless scenario, for any estimation algorithm
(p, there exists a hard instance for which

252

MSE(p) = (1 —p)m-

Proof [Proof of Theorem 12] Choose a positive real number § < % Consider a bounded function

g :10,1]?> — R, whichiis (146, L—§) bi-Lipschitz with respect to the second argument. We suppose
that given any data {9,(1(1))11,}, {Gﬁjozl,}je[n}, {g(@ﬁé)wﬁgg) :j € [n]and M(1,5) = 1}, algorithm ¢
can perfectly restore the function 9(97(%2,}, -) from data.

Letv := Z?:z M(1, j) denote the number of samples observed. By Theorem 11, there exists
a 0-Lipschitz function h € L'[0,1] N C°°[0, 1] which satisfies
1. h(89)) = 0, for all j € [n] such that M (1, j) = 1, and
)
2. |2/l 20,0 = Vo

Now we consider an adversarial function g' : [0,1]2 — R (for given data), which is defined as
g'(@,9) = gla,y) + ()1 {x = 00, }
First of all, we remark that g is a valid latent function which satisfies every criterion in our

model (see Section 2), because h is continuous and §-Lipschitz. If the latent function g were re-
placed with ¢ by an adversary, the algorithm ¢ could not recognize that from given data because
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h(H(j )) =0, for all j € [n] such that M (1, j) = 1. Therefore, ¢ would still return §¥ = g instead

col
of yielding §¥ = g' even though the true latent function is now g.

This leads to the following lower bound, regardless of 07(%2” € [0,1]:

2 252
= (90 ) = g' @0 . = W20 = =

2
G208, — 9T 0%, o

L2[0,1]

Inserting this back to Lemma 10, we can conclude the following MSE lower bound even if ¢ is
an algorithm which can perfectly estimate g from a finite number of samples. Recall that v de-
notes the number of observations used to estimate §¥ and it is a random variable distributed as per
Binomial(n — 1, p).

MSE(¢) > (1 =p)E,0) 41, [

rowsY ol

G (0% ) — 9 (6(8. ")

2
o)

2
L£2[0,1]

Qf(quzm ) - QT(HT%)W )‘

>(1—-pE, min ‘
=BG, Lspwe[o,u

c25?
> (1 _p)Ee(*l) » [7]

col

252
> (1-p)E, {T}
252
>(1-— p)Ei,—TV] " Jensen’s inequality
252

The lower bound essentially quantifies the uncertainty between two functions g and g which could
have generated the same data to feed algorithm . We have shown a lower bound for an oracle
algorithm, which has access to the latent features 97(%2” and {0((:]0% }je[n}: M(1,5)=1 and can perfectly
restore a certain latent function. Since no algorithm can outperform an oracle, this lower bound

holds for any algorithm, i.e., for any algorithm ¢, there exists a hard instance to estimate. |

B.3. Proof of Theorem 5

When the measurements are convoluted by a supersmooth additive noise (see Eq. (5) for definition),
it gets exponentially harder to estimate the underlying function. We adopt the lower bound result
from Fan (1991) to prove our MSE lower bound which supports this claim.

For that purpose, we first remark that we can interpret a slice of latent function, 9(97(%2,}, -), as

)

the (pseudo-) inverse of a cumulative distribution function ¥ (1), That is to say, if g(@ﬁ})w, y) =z
for y € [0, 1], we can rewrite it as ') (2) = y with the support of the distribution F(!) being the
same with the range of g(@ﬁé)w, -). Since the latent function g is bi-Lipschitz, the distribution F' M is
absolutely continuous, and it which admits a probability density f().

Fan (1991) defined the following class of density parametrized by three parameters m, B, and

0<a<l
Coos = { () : | F™ (@) = £ (4 0)| < Bo" .
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Since our density f(*) is the derivative of F'(¥), it satisfies f()(z) < %
theorem. Therefore, for any valid latent function g : [0, 1]2 =R, f 1) = d%F 1) = d%g_l (97(%2,}, )
belongs to Fan’s class C, , 1.

) l

by the inverse function

The following hardness result is excerpted from Fan (1991). We let v denote the number of
measurements corrupted by additive noise.

Theorem 13 (Fan (1991), Theorem 4, simplified) For any x, no estimator TN can estimate T(f) =
FN(x0) with the constraint f € Cp, o p faster than O ((log V)_(ero‘_)‘)/B), i.e., there is a univer-
sal constant ¢ > 0 such that

. 2
sup E {(T,, — T(f)> } > ¢ (logv) " 2mteN/8, (15)
fecm,a,B

Since the cumulative distribution function can be considered as the anti-derivative of the density,
or the derivative of “order —1” as discussed in Fan (1991) Theorem 6 and Section 4, we have for
any x € R,

s E|(F,(z) - F(@))*| > e(log) /7, (16)

feco,o,%

by inserting m = 0,a =0, B = %, and A = —1 to Eq. (15).
Now we are ready to use this result to prove Theorem 5.

Theorem 14 (Full version of Theorem 5) [n the additive noise scenario, for any estimation algo-
rithm @, there exists a hard instance for which

(1 p)i2cH?
6v2

Proof [Proof of Theorem 14] We let F and F denote the pseudo-inverse of § <97(,2U, ) and g (97(%2,}, > ,

1
V€

MSE(p) > (log(n — 1)p) /",

respectively. Since we assumed the latent function g <97(,2U, ) is (I, L) bi-Lipschitz for any 97(n

[0, 1], its inverse function F' = ¢! <97(,2U, > is continuous, monotone increasing over [0, 1] and
(%, %) bi-Lipschitz. Therefore, we can treat F' as an absolutely continuous distribution function
and its derivative f belongs to Fan’s class Cy;, o,p Withm = 0,0 = 0, and B = %

Suppose that given any data {9,(1(1))11,}, {Hﬁﬂ)lu}je[n], {g(@ﬁé)w, 9903) 2 j € [nJand M(1,7) = 1},
algorithm ¢ returns an estimate of the latent function g; (97(,2,” ). Here, v := 370 o M(1,j) in the
subscript denotes the number of samples used for estimation of gy .

Let £Y = (gf)—l(eﬁé)w, -). We may assume §;, is nondecreasing, because g is monotone
increasing from the model assumption. In fact, g (97(%2,}, ) is assumed to be not only monotone
increasing, but (I, L) bi-Lipschitz. Therefore, F is (%, %) bi-Lipschitz.

Let 2* := argmax,cg E [(Ff(z) — F(z))2] Then let y* = F(2*) and §* := F¥(z*) denote
the image of z* under F' and EY, respectively. Note that F¥ is a random function, and hence, Uhis
a random variable. Subsequently, we define 2 := F~1(¢}).
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Without loss of generality, we may assume y* < ¢ and it follows that 25 > z*. Then for

y €yl
g (08ry) = 32 (0%0w) = 9 (000 ) — 35 (05057 )

=g (05 y Ty
( )~ (66v")

—y").

| \/

From the definition of L2 distance, it follows that

a2 (6 ) o (69,) 32 (00 v) — 0 (6%.)[

L2]0,1]

05 y) g (9502,” y) (2 dy

lzly y*[* dy

95—y

= 7 |[FY (=) — F()

(17

-/
L

Recall from Lemma 10 that for any algorithm ¢ : Z — A»,

2
MSE (p) 2 (1 =p)Eyw) o [ . 1}] ;

7‘0'qu col v

(97(11))1117 ) - 9(97(“0)107 )‘

where v ~ Binomial(n — 1, p) and Hgll) denotes {9803 :J € [n],j # 1}. If we restrict our latent
function to take the form g (97(“io)wa 9((;]03) =92 (e(j)) for some g7 : [0,1] — R, then we can remove

col

the expectation with respect to 97(%2” From Eq. (17), it follows that

Pao NE
MSE(9) = - pEyn, 5 [R5 - PG|
B 9 X 913/2
> =Py [EM £ - PG| ]  ensen'sinequality
col

By Theorem 13-more precisely, by Eq. (16)-for any v, there exists a latent function go (and
corresponding f € C, , 1 such that for any oracle algorithm ¢,
’ 7l

9 (24) — F(2)

2
] g(logy) 2/B

B [

col
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All in all, there exists a hard instance of latent function g such that

MSE () > %EV [(g (log V)_Q/B)s/z]

(-2
= 6\/5
L A-p)ee?
= 6\/5

(1 —p)l263/2

= 67\/§(log(n — 1)p) —3/8.
3/B

We can apply Jensen’s inequality because (logxz)™ /

E, [(log )]

(logE, [v] )_3/ P - Jensen’s inequality

is convex when x > 1, for any 8 > 0.
[ |

Appendix C. Proof of Theorem 1: Noiseless Scenario

In this section, we prove Theorem 1 establishing an upper bound on MSE achievable in the noiseless
setup. This is done by evaluating MSE for a specific algorithm. We start by describing the algorithm
followed by evaluating its performance in terms of MSE.

C.1. Algorithm Description

We shall use a “generic” recipe for estimation in all three scenarios considered in this work: noise-
less, noisy with known noise distribution and noisy with unknown noise distribution. The only
change in each case would be how we handle the noise.

C.1.1. GENERIC DESCRIPTION

1. Estimate the latent feature (or quantile) 9& of column j € [n]. Let it be ¢(7).

2. Estimate F() = 9_19u) on row ¢, which is the inverse of the latent function ¢ (Hﬁi)w, )

T=Urow

restricted on the first coordinate. Let it be F'(?), i e [m].

. Ao\ 1
3. Estimate () = (F(2)> , i€ [m].
n . ) Lo\ —1
4. Plug in estimate: A(i,§) = ¢ (G(5)), i € [m], j € [n], where §*) = (F(’)) .

By assumption, the function g(x, -) is invertible for every = € [0, 1] since g(x,-) : [0,1] — Riis
continuous and monotonically increasing. Let the inverse (given fixed z) be denoted as g~ ' (z, -) :
R — [0,1]. Thatis, g~!(x,-) can be viewed as a cumulative distribution function for distribution
on R. In short, for each row i € [m], we can consider the hidden latent function restricted to
Tr = 9£f))w, g(x,-), as the inverse of the cumulative distribution function along row i (see Appendix
J, Definitions 46 and 47 for details).

The first two steps of the algorithm will vary across scenarios to account for noise.
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C.1.2. DETAILED DESCRIPTION: NOISELESS SETUP

Notations. For i € [m], we let B; denote the set of column indices for which Z(, j) is observed
(similarly, B/ denotes the set of row indices for j € [n], respectively), that is

Bi={j e[n]: M(i,j/) =1} and B’ = {7’ € [m] : M (7', j) = 1}. (18)
Define indicator function

. 1, if condition is true,
I{condition} = (19)

0, if condition is false.

Define Heaviside step function H : R — {0 L 1} as

FDR]
. 1, ifx >0,
H(z) =5 ([{z > 0} +I{z > 0}) = ¢ 5, ifz=0, (20)
0, ifxz<O

Thatis, >°7 _, H(Z(i,j1) — Z(i, j2)) is the number of entries Z (4, j) in row ¢ whose value smaller
than Z (i, j;) while Z (i, j) itself is counted with weight 3.
Now the details of the steps of the algorithm.

1. G(j): Estimate of 0.,;(j), j € [n]. Given Z € R™*" and j € [n], for i € B’ define

_ 2 M(i,j")H(Z(i,5) — Z(i,j"))

ai(J) m — : 2D
ZJ/:]_ M(Z7jl)
Subsequently, define estimation of ., (j) as
. 1 if B/ = (), else
Gy =92 s . (22)
Gi=(;)(j), where i*(j) is randomly chosen from B37.
2. F(9); Estimate of F() = g__le(i) , 1 € [m]. For z € R, define
s " M, )I{Z(i,5) < z
F(Z)(Z) _ Zg_l ( ]) { ( ]) } (23)

Z?:l M(Z7 ])

o . o A\ —1
3. and 4. A(i,;): Estimate of A(i, j), i € [n],j € [m]. Foreachi € [m], let §©) = (F(’))

denote the quantile function (right pseudo-inverse) associated with PO, Plugging in Eq. (22) into
it leads to the estimate of matrix entry:

A(i, ) = 4" (4(), V(i,j) € [m] x [n]. (24)

By definition, F g simply the empirical cumulative distribution function. Hence, by Glivenko-
Cantelli theorem, it follows that it is a consistent estimator for F(*). Using the Dvoretzky-Kiefer-
Wolfowitz inequality (see Appendix J, Lemma 49), we obtain concentration of F@ around F©.
This is summarized in Lemma 16.
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C.2. Algorithm Analysis

We start by establishing two key results needed for establishing proof of Theorem 1. To that end,
note that ¢;(j) is the average of 3% _, M(i, ') independent random variables as per our model.
Therefore, by Chernoff bound, for each ¢, it concentrates around its expectation, which is the true

parameter oY)

.y Of interest. This explain the choice of (21)-(22). This is summarized in Lemma 15.

By definition, F s simply the empirical cumulative distribution function. Hence, by Glivenko-
Cantelli theorem, it follows that it is a consistent estimator for F(*). Using the Dvoretzky-Kiefer-
Wolfowitz inequality (see Appendix J, Lemma 49), we obtain concentration of F® around F@.
This is summarized in Lemma 16.

Finally, we obtain the error bound for estimation /ul(z, j) in Lemma 17. This will further lead to
proof of Theorem 1.

We will use the following definition in what follows.

Dmax = sup g(Z’,y) and szn = inf 9(957y)7
z,y€(0,1] z,y€[0,1]
L= sup 9(%%)‘9(%91) and [ = inf 9(%%)‘9(%91)
*,y17y2€[0,1] Y2 — Y1 z,y17y2€[0,1] Y2 — Y1

C.2.1. CONCENTRATION OF (j) AROUND 6.4;(j)

We state the following.

Lemma 15 When there is no noise (N = 0) in the model, for any j € [n], the quantile estimator
U) ypith high probability:

col

G(j) (see Eq. (22)) concentrates to 6

P

where 1* denote the row index chosen in Eq. (22).

i)~ 09)] > 1) < 2exp (2 Bie| 7).

Note that, when B7 = () and §(3) is chosen to be %, we shall use i* as any index leading to B;= C B’
being () and hence P (‘Q( j)— 9&‘ > t) < 2, which is always true! The proof of the above Lemma

can be found in Section F.

C.2.2. CONCENTRATION OF F() AROUND F),

We state the following.

Lemma 16 (Concentration of noiseless CDF estimation) When there is no noise in the model,
the empirical cumulative distribution function (ECDF) F' (@) (Eg. (23)) uniformly concentrates to
the true CDF F(0) = g_le(i) , that is for each i € [m),

—Yrow

P <sup FO(z) - F(i)(z)‘ > t> < 2exp (—2|Bi|t2) .
z€R

Proof The proof is a direct application of Dvoretzky-Kiefer-Wolfowitz inequality (see Lemma 49).
|
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C.3. Completing Proof of Theorem 1

We complete the proof of Theorem 1 using Lemmas 15 and 16. To that end, we first state exponential
tail bound on error in estimation, |A(7, ) — A(7,7)| in Lemma 17 and then using it, obtain bound
on Mean-Square-Error (MSE) to conclude the proof in Theorem 18.

C.3.1. TAIL BOUND ON |A(4, j) — A(i, §)|.
Theorem 17 (Probabilistic bound: noiseless) For each (i, j) € [m] x [n] and t > 0,
fo - 212
P (‘A(z,]) - A(z,])‘ > t> < 2exp(—mp)+4dexp|—(n—1)p|1—exp ~oI2 . (25)
, Lo\ —1
Proof Let §() = (F (Z)) denote the quantile function (right pseudo-inverse) associated with

FO. Note that A(u,i) = g (9£Qw,9§g§) and A(i,7) = §9 (4(j)). Let 6* := F® (A(z', j)) -
F® (f](i) (4(4))). We can observe that |6* — g(j)| < 2 “F(i) —F®

o0

By definition of uniform norm, at the point of continuity, we have that |§* — g(j)| < HF(’) F®

o0

Else if 5% (4(4)) is a jump discontinuity of £'(¥), then it follows that for any § > 0, F'(*) (9 @ (4(5)) — §) <
q(j) < F@ (f](i) (4(4)))- Since F(@ is assumed to be continuous, || F'() — ()

> L sup, lims_,o4 FO (y)—

oo

F@ (y — §). Therefore, |0* — G(j)| < 2 HF(“ —F®

oo

Since A(4,7) = 3@ (4(j)) = g (07(«%, 9*), and g is (I, L)-biLipschitz,

4 ) = A7) = |o (09,68)) — g (0%,.0°)

< L|0Y) — ¢*
< L ([69) - aG)| + 1) - ¢°1)

<1 )

< 2, then ‘A(u,z’) — A(Z,])‘ < t. Therefore,

gl) _ A(j)‘_i_guﬁ'(i)_p(i)

col

If PO _ pG)

9(]) A(])‘ < LL nd

col
P

o0

AG,5) = AG.9)| > )
<P ‘Lj( — oY) > ! + P | sup F(i)(z)—F(i)(z)‘ >i
- col| 7 3L, LR 3L

+| 2 2 |B;| t2
§2exp<—ﬁ>+2exp<— |9£|2 >,

where the last inequality follows from Lemma 15 and Lemma 16. Recall that ¢* denote the row
index chosen in the algorithm (see Eq. (22))

Note that |B;| is the sum of n independent Bernoulli random variables with parameter p under
our Bernoulli model. Therefore, it takes integral value in {0, 1,...,n} following Binomial(n, p)
distribution.
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|B;«| follows a slightly different distribution. By algorithm description (see Eq. (22)), |B+| =0
if and only if 3/ = (), whose probability is (1 — p)™. For i € B7, it is already conditioned that
M (i, j) = 1. Therefore,

:k):{(l—p)m, lfkTZO,
1—(1-p)™ (G- ta —p)nF, ifk>1.

As a last step, we will marginalize out |B;| and |B;-|.
= > [B(|AG.5) - AG.5)| > ¢| 1B = kv, 1B

P (|Bi

— kzz)

k1,k2
X B(|Bi] = k., |Bie| = k) |
2k 2
< - | =
< kzl%xp( ul )P(!B,\ k) 6)
2kot?
+;2exp <— L2 )]P’(\B,-*]:kzg). (27)
2

We can further simplify the last two terms as follows:

2k t2 n _
Eq.(26)=) 2exp (——9£2 > <k1>p’“(l -ph
k1

RANEICH

-, binomial theorem

In a similar manner,

Eq.27) =2(1-p)" +2[1 - (1—-p)"]

- 2kat®\ (n— 1\ 1 .
<Y ew(rr) ()P0 p
ko=1
<2(1-p)"+2[1-(1-p)"]

X exp (—5—22) exp <—(n —1)p (1 — exp <—92—222>>>

<20+ 2esp (0 0 (1o (~22))).
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Putting everything together

P ((A(z’,j) - A(z’,j)( > t)

<20+ e (00 0 (1o (~22))).

|
C.3.2. MEAN SQUARED ERROR
Let ¢ denote the estimator which maps Z to A. Then
y 1 m n N o 2
MSE($) =E | =33 (46.4) - AG.5))
i=1 j=1
I v oy )2 .
- Z ZE |:(A(Z,j) - A(Z,j)) ] . linear
i=1 j=1
y 2
=E [(A(l, 1) — A(1, 1)) ] " exchangeable
00 y 2
_ / P ((A(l, 1) — A(1, 1)) > t> dt -+ positive
0
:/ P((A(1,1)—A(1,1)( >\/%> dt ST
0
- / 2uP ((21(1, 1) — A(1, 1)( > u) du. (28)
0

Now it remains to integrate the tail bounds obtained in the previous section to conclude our first
main theorem. In general, we can derive the following formulae from integration by substitution

> 2 > 1 1 o 1
/ ue " ds = / —e Pfdz = ——e F| = —, (29)
0 0 2a 2a 0 2a
© > I'(2 1
/ ue” ™du = / %e‘zdz = % = —. (30)
0 0 a a a

These formulae will be frequently used, because many of our error bound have such forms. Also,
from the model assumption and the construction of the estimators, the estimation error is bounded

‘A(Zaj) - A(Z,j)‘ S Dmax - Dmin = D,
where D = D00 — Dinin, @ constant independent of m, n.

Theorem 18 (The Full Version of Main theorem 1; Noiseless MSE) The mean squared error of
the noiseless estimator @ is bounded above as follows:

18L2 exp (%)
(n—1)p
+ D? [2 exp(—mp) + 4exp <—(n —1)p (1 - 6_9%2))] .

MSE (¢) <
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18L2 exp (9%)

It can be seen that as long as mp > log np, the dominant term on the right hand side is =Tp

which scales as O(nip). And MSE (¢) — Oaslongasp = w (£, 1).

Proof [Proof of Theorem 18] We can prove the MSE upper bound by integrate the probabilistic tail
bound in Theorem 17. We first observe that forc > 0, 1 — e—cu? > ce u? for 0 < u < 1; and for
u>1,1—e >1—¢c

Plugging in Eq. (25) to Eq. (28) leads to (with notation ¢ = 9% below)

MSE (¢) = /OD 2uP ((A(z',j) - A(z‘,]‘)( > u> du

D
< / 4duexp (—mp) du
0

[ swesn (o (1 (-29)) )

1
< 2D%exp (—mp) + / Suexp (—(n — 1)pee™“u?) du
0

+ /lD 8uexp (—(n—1)p (1 — e ¢)) du
18L2 exp (9%)
(n—1)p
+ D? [2 exp(—mp) + 4exp (—(n —1)p <1 - (fﬁ))] .

Appendix D. Proof of Theorem 2

In this section, we shall establish Theorem 2 bounding Mean-Squared-Error for an estimator in a
noisy setting with the known noise distribution. We shall start by describing the estimation algo-
rithm followed by its analysis that will lead to the desired bound.

D.1. Algorithm Description

The generic algorithm remains the same as that described in Section C.1.1. However, the details of
step 1 (estimating 9((:]0%, § € [n]) and step 2 (estimating F'), i € [m]) of the algorithm change due
to presence of noise. We shall explicitly use the knowledge of noise distribution in step 2.

1. Gmarg(7): Estimate of ng 3, j € [n]. Unlike noiseless case, we can not simply use empirical
quantile along a given row i, ¢;(j) as a proxy since noise in data can non-trivially corrupt the
estimation.

Instead, we need to overcome the effect of noise by “averaging” it out. To that end, we shall
use empirical quantile estimation with respect to “column average” value rather than simply with
respect to a given row. Formally, we define this below.
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Let gmare(y) = fol g(z,y)dx. Then gmar(-) is increasing since g(z,-) is. Given observations
Z € R™*" define

ot = { B B 20 -
> if B/ = 0.

Then, we estimate the column feature of j € [n] as
ina(3) = 25" 1 ()~ Znan7) @
marg\J) = n - 1 marg\.J marg\J ) ) »
‘] =

where H is the Heaviside step function cf. (20).

2. F();: Estimate of /() = 9_19(¢) , i € [m]. In the noiseless setting, we simply used the
T=

Tow

empirical CDF as the estimation for F'(*) by using observations along row i in matrix Z. Since there
is noise added in each entry, such an estimator will provide estimate that is corrupted by additive
noise.

Effectively, each entry in the row ¢ can be viewed as summation of two independent random

variables: the first random variable is g(@ﬁio)w, ngoz

the column parameter Hgg that are sample uniformly from [0, 1]; the second random variable is
the additive noise. Therefore, the empirical CDF of the observations gives good estimation of
distribution of the summation of these two random variables. However, the interest is to recover the
distribution of the first random variable. And we do know the distribution of the second random

variable.

) with the randomness induced due to that in

Some Background. Putting it other way, we wish to recover distribution of random variable X, but
we observe samples of Z = X + N instead of X. And we do know distribution of N. Due to
independence, we know that ¢z (t) = ¢x(t)on(t) for all t € R, where ¢z, dx, pn denote the
characteristic function of random variable Z, X and N respectively.

Since we know noise distribution, equivalently ¢y (-), if we can estimate ¢z(-) from observa-
tions, say ¢ (-), then we can “de-convolve” it to obtain estimation ¢x (-) as

Now to produce estimate (5 z(+), the first step is a non-parametric estimator of distribution of Z. The
Kernel smoothing is a well-studied non-parametric approach which would attempt to estimate the
density (which exists in our setting) through interpolation. Precisely, given a kernel K : R — R>q
and bandwidth parameter i > 0, the density of Z is estimated as

X« 1 & —7Z;
fZ(z):EZK<Zh >,ZGR (33)

i=1

te R

Denote Fourier transformation operator F : L!(R) — C,(R) which maps the space of absolutely
integrable functions L'(R) to the space of continuous bounded functions. Recall that F maps
f € LY(R) to F{f} € Cyp(R) where for all t € R,

f{f}(t) = /00 exp(its)f(s)ds.

—0o0
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We use notation i = \/—1. Similarly, for any absolutely integrable function g € L!(IR) and for all
s € R, it is possible to define an operator F~1 : L}(R) — Cy(R) as

}‘—1{9}(3) _ 1 /OO exp(—its)g(t)dt.

27 J_ o

The Fourier inversion theorem ensures that 7! Ff = f if f satisfies certain conditions. For
example, if the function is absolutely integrable and piecewise continuous (which is the case in our

model), then F~1 (Ff) (s) = & (f(s-) + f(51)).
Applying Fourier operator to (33) and using linearity of F, we obtain

bz(t) = f{fz}
w5

Now, applying inverse Fourier operator, F !, to qg 7/¢N we obtain

s
fx=F {¢N}

hn P ON
1~ [hexp(iZi)pk(h-)
" hn ZF { ON }’ oY

where we used the following properties of Fourier operator:
FAf(—a)} (t) = exp(iat) F{f}(t)
FU0 10 = 7 50 (5)-

Applying similar properties to inverse Fourier operator, 7!, we obtain

poofreslBdil} ) o {0 (555). s

Define function L as

_ 1 oK () ; —i exp(—itz k() z
L= (i) e =g [t Mgan em 6o

From (34) and (35), and definition of L, we obtain

n

fxw) = - S0 (152, G7)

=1
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Indeed, this is known as deconvolution kernel density estimator in literature. We shall adopt prior
results Carroll and Hall (1988); Fan (1991); Delaigle et al. (2008) on its consistency to establish our
results. Appendix L provides their summary.

Summary of Estimator. Recall B; = {j € [n] : M(i,5) = 1}. Let ¢ be Fourier transform of
density of noise which is known. Let K be symmetric Kernel with ¢ being its Fourier transform.
We define F'("), estimate of F'(*) as follows: for any choice of constants Dy, Dy such that D; <
Dmin < Dmam < D2,

1, if 2 > Ds.

where following (37) we define

o= L oy (z-26), )
eB;

The kernel bandwidth parameter h = (4 )% (log |B;])~ 7 where 3 and -y are smoothness parameters
for the noise N (see Eq. (5)).

§

Remark 19 [Constraints on kernel K.] We choose kernel K to satisfy the following conditions:

1. It is symmetric, i.e. K(x) = K(—x) forall x € R.

2. supyep |6k ()] < oc.

3. Support of ¢ is assumed to be within [—1,1]. For K € L1(R), F{K?} is uniformly contin-
uous, so there exists Kpqr = maxyci_q 17 |¢x (t)| < oo.

~ . ~, .\ —1
3. A(i,7): Estimate of A(i,7), i € [m],j € [n] Foreachi € [m], let §©) = (F@)) denote

the quantile function (right pseudo-inverse) associated with F@), Plugging Eq. (32) into it leads to
the estimate of matrix entry:

A(i, 5) = 39 (Gmare (5)) - (40)

D.2. Algorithm Analysis

Similar to Section C.2, we shall establish proof of Theorem 2 by establishing concentration of quan-
tile estimation, Gmarg(j) around Héog for j € [n] in Lemma 20 and concentration of CDF estimator
F® around F®) for i € [m] in Lemma 21 to se tup key results needed to conclude the desired

Mean-Squared-Error bound on the eventual estimator.

D.2.1. CONCENTRATION OF Gyarc(j) AROUND Hg 3 € [n]
()

The quantile estimator, ¢marg (j) as defined in (32) is shown to be concentrated around 6 ; under the
assumption on the noise as stated in Section 2.3.2. We define function Q* : Ry — R, as

1 1 1
_ 41
Q" () = \/_ <\/Clgj VCax * \/mpCle_Cl " \/mp026_02> ’ “

2
L > and Cy = 8 - are model dependent constants.

where C| = T s —
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Lemma 20 Foranyt > 4Q* (%) = @(L>,

J/mp
P( marg (7) —9§03 > t) < exp <_n7t2> + exp (— s — Q; (Tp))>
+ exp <—?)

In the main text, we defined ; = Q* (%) for simplicity. Proof can be found in Section G.

D.2.2. CONCENTRATION OF F()) AROUND F(), i € [m)]

Here we shall establish that F'(* converges uniformly to F(®) in large sample limit. Specifically,
we obtain the following Lemma that provides an exponentially decaying probabilistic tail bound for
this uniform convergence.

Before stating the lemma, we recall C's = C(1) (see Lemma 29) is an absolute constant which
BKmax(Dg D1)

(1)
only on the model parameter. Let C' = C3 + C4 denote the sum of those two constants.

depends only on the parameter [ and define a new constant Cy = which also depends

Lemma 21 Forany i € [m), and for any t > C (log |B;|) /7,

P sup
z€[D1,D2]

1B |1/2 2
< 2|B,[* (log B ex (L (t - C 0z B ) .
202 (log B,)*

FO() - F<i>(z)( > t)

We state a useful consequence of the above result. To that end, for any i € [m], define

Erow, i) = {|BZ-| > %} and E/,,, {|B | < znp} 42)

We define another constant for brevity

Cnp = 2(2np)% (log (2np))% .

- -1
Corollary 22 Forany i € [m], and any t > C (log %) /8

P sup -Erow7 7 row,(i
<Z€[D1,D2] & i )>

_ () 1/2 —1/8\ 2
§cn,pexp< () 5 (t—C’(log@> />>
201 (10g (2np)) ’

D.3. Completing Proof of Theorem 2

FO() - F(i)(z)‘ >t

In this section, we complete the proof of Theorem 2 by using Lemma 20 and Corollary 22. The proof
follows similar structure as that of Theorem 1. First, we establish tail bound on |A(i, j) — A(7, j)|
and then integrate it to obtain bound on Mean-Squared-Error (MSE). The details differ due to extra
care required to handle noisy setting.
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D.3.1. TAIL BOUND ON |A(7, j) — A(i, )|

For given choice of parameters ¢ > 0 and L, 3,Q*, m,n and p as defined before along with a
universal constant C', define conditions

Elz{t§8LQ* (%)} and Egz{t§4LC (1 g7>_/ } 43)

Theorem 23 For each (i, j) € [m] x [n], for any t > 0,
P (|4(,5) - AG.7)| > ¢)

< IH{E} +I{Ez} +exp (_n(ﬁ — ?* (%))> I{ET}

np\1/2 2
-5 t -1/8
+ Cn,p €XP < ( 2 ) 2 <E -C (log %) > > H{Eg}
202 (log (2np))?

+ exp < g£22> —I—exp( n;p) + 2exp <—%) .

Note that the terms in the last line which are independent of ¢, decays to 0 as n — oo at the
exponential rate of np as long as the sampling probability is sufficiently large, i.e., p = w (%), .

Proof Let* = F(®) </~1(z’,j)) F® (59 (Gnarg(4))). Since F) is continuous, |* — Gmarg ()| <
H P _ pl)

. By the same line of argument as in the proof of Theorem 17, since fl(i, j) =
o

79 (Gmare (7)) = 9 (eﬁo)w, 9*) and g is (I, L)-biLipschitz,

A, ) = AG.5)| = o (0909)) — 9 (6%.67)

AR
=L < 9£02 Qmarg( ‘ ‘Qmarg ]) v )
<L ( 00) — mare (7 ‘ + HF _ F® oo) .

Again, if both Gﬁoz qmg(j)‘ < o and Hﬁ(i) — F@| < L are satisfied, then ‘A(u i) — A(i,j)‘ <

t. We can achieve the following upper bound by applying the union bound on the contraposition.
We let E(;) := Epo, i) N E . i) in this proof. Then it follows that

P (‘fl(z‘,j) - A(z‘,j)‘ > t) (44)
<P (|imusti) ~ 09| > 57 ) + 7 (500 [FO) - O] > 57 )
gP( sz (7) — 0% >%>
+P <§1€1[1§ FO(z) - F(i)(z)‘ > % E@) +P (E(CZ)) .
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Because we have a trivial upper bound 1 on probability, it follows from Lemma 20 that
. ) () t
P <‘Qmarg(3) - ecf)l > E)
<rfezsie ()
{2 800" ()

X [exp (—g—lt;) + exp (_n(ﬁ — ?* (%))> + exp (—%)] .

In a similar manner, we have

P <Sup FO(2) = FO(2)
2€R

<1 {t < ALC (log %>—1/5}

+1 {t > ALC <log %) _1/6}

np\1/2 2

(5 t -1/8

xcn,pexp< (%) 3 (——C(log@) > )
267 (log (2np))> \*% ’

Note that ¢t > 4LC (log %)_1/5 implies that ﬁ > C (log %)_1/5'

We used an upper bound on P (E(CZ)) obtained from the binomial Chernoff bound:

P (E(CZ)) =P (\BZ] < n_2p or |B;| > 2np>

<P (\Bi] < %) +P(Bi| > 2np)

< exp (__718p> + exp (__7’;]9)
np

< 2exp (- 12).

S z€xXp 3
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Substituting these three upper bounds back to Eq. (44), we can conclude that

<1{t<srer <%>}+H{t§4LC (m%)_l/ﬁ}

+ o (_n(ﬁ - Q" (%N) o s (g)}

3

+1 {t > ALC <log %)_1/6}

_ () 1/2 ~1/8\ 2
xcnmexp( (%) 5 <L—C<log@) /> )
20% (log (2np))7 \2L ’

+ exp (‘%) + exp (—%) + 2exp (—%) .

D.3.2. MEAN SQUARED ERROR

Let ¢ denote the estimator which maps Z to A. By the same line of arguments as in Eq. (28), the
mean squared error of estimator ¢ is given as

MSE () = /OOO 2uP ((A(z’,j) - A(z’,j)( > u> du 45)

Also, from the model assumption and the construction of the estimators, the estimation error is

bounded above: B
|A(i,9) = A, )| < D2 = D,

Let D = Do — D; denote the upper bound. Note that D is a constant independent of m, n.

Theorem 24 (The Full Version of Main theorem 2; MSE with known noise) The mean squared
error of the deconvolution kernel estimator @ is bounded above as follows:

MSE (@) < 16L*C? (log %)_w + 64\4/§L2C§% + 64L2Q* (%)2
+ STLz n 28:2[/2 +8LQ* (%) 3LT7T + D? [exp <—%) + 2exp (—%)} )

First of all, we note that M SE () — 0as m,n — oo as long as the sample complexity satisfies
p=w(max{L,1}).
Recall from Eq. (41) that Q* (%2) = © <L) . We can observe that the term 16 L2C? (log 22)

V/mp
dominates in MSE, while the other terms decay faster unless the matrix is highly imbalanced so that

@[
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mp = O (lognp). This MSE bound achieves the asymptotically optimal rate of convergence as
long as mp = w(lognp).
Proof [Proof of Theorem 24] In order to achieve an upper bound on the MSE for the kernel density
estimator with known noise, ¢, we integrate the tail probability bound from Theorem 23.

First of all, we recall from Egs. (29) and (30) that

& 2 1 > 1
/ ue "™ du=—, and / ue” "du = —.
0 2a 0 a

Now, the mean squared error can be written in the following form:

MSE (§) = /OD 2uP (‘fl(z’,j) - A(z’,j)‘ > u) du

8LQ* (P 4LC(log ) ~V?
+/ 2u du+/ 2u du
0 0
D 2
+ /0 2u exp (—%) du (46)
D U Ox (Mmp
+/ duexp (L~ @ CE) ) g (47)
sLQ (") 3
D
+/ de, pu
4LC(log 22) /P P

()"

- u np —1/B>2>
X exp s | — — C (log — du. 48)
<2CZ (log (2np))? <2L ( 2 )

Recall that Q* : Ry — R, is the monotone decreasing function defined in front of Lemma 20:

* _ 1 1 1 1 _ 2
Q* (z) = 27 =Tt N + \/mp02602>, where C = T2y — and
Cy = 8% are some constants which depend only on model parameters. C' = C3 4+ Cy is the sum of
two model dependent constants, where C5 = C(1) (see Lemma 29) and Cy = M. We

) , m(4v) P
also recall ¢, , = 2(2np)* (log (2np))?.
First of all, Eq. (46) is bounded above by

[e'e) 2 2
8L
Eq.(46) < / 2 exp <—gi> du = 2=
0
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Next, we can achieve the following upper bound on Eq. (47):

D _ * (Mmp
Eq.(47) = /8 2u exp (_n (u ALQ ( 21’))) du

= /0D2 (w +8LQ* (mp) exp <—n (v +aLer (%))> du

12L

Lastly, we compute an upper bound of the term Eq. (48). For brevity’s sake, we let ¢; =

1 —
- (%) 2,and g = C (log %) Y% and divide the region of integration into two parts
2C3 (log(2np))

pivoting on u = 2Lcs:

D w 9
Eq.(48) = / 4cy, puexp (—cl (— — 62) > du
4Lco 2L
D 2
U U U

< /chz 4cp, puexp <—c1 (4L) ) du oL co > E,Vu > 4Lcy

> €1 2 u2
< ; 4cy puexp <_16L2u )du '.'uexp( 16L2 >0,YVu>0
_ 32¢,, L7
— o

Plugging these upper bounds back into Eqgs. (46), (47) and (48) , we can obtain the following
upper bound

w551 5 oo (-2) 4200 (2] 4 [ (2] [ (o 2) ]

2 2 %
8L 8L% | 288L L 8LO" ( ) |3Lm LT | 643207 5 (log (2np))
n 2 (np)7

Rearranging the terms in the increasing order of convergence rates concludes the proof.

Appendix E. Proof of Theorem 3

In the previous section, we proposed an estimation procedure assuming the noise distribution is
known. Here, we discuss consistent estimation procedure for similar setting with the only difference
that noise distribution is unknown. Specifically, we shall establish Theorem 3. The structure of the
section is the same with the preceding sections.
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E.1. Algorithm Description

In the absence of knowledge of noise distribution, the CDF estimation algorithm presented in the
previous section is no longer valid because the noise characteristic function ¢ in Eq. (36) is not
available. To overcome the challenge of unknown noise distribution, we estimate the noise charac-
teristic function first and then estimate the CDF using kernel deconvolution in a similar manner, but
with an additional ridge parameter to avoid division by zero. It is important to recall that knowl-
edge of noise distribution was not used for the column feature estimation in D.1. And hence it still
remains valid.

The generic algorithm remains the same as that described in Section C.1.1. Step 1 (estimating
9&, j € [n]) remains the same as in Section D.1, but Step 2 (estimating F), i € [m)]) of the
algorithm requires an additional procedure of estimating the noise density because ¢ is unknown.

1. Gmarg(j): Estimate of 0((:2, j € [n] The same as in Section D.1: see Egs. (31) and (32).

2. [, Estimate of F() = 9_19(2-) , © € [m] We estimate the distribution over each row by
T=Urow

essentially same procedure as in section D.1. Recall that the characteristic function of the additive
noise, ¢y, is unknown and has to be estimated from data which we describe next.

2-1. ¢n(t): Estimate for ¢x(t) Since the noise distribution is unknown, we need an auxiliary
procedure to estimate the noise density. Here we explain an algorithm to estimate the noise charac-
teristic function ¢ ().

Some Background. Before presenting the noise estimation procedure, we provide intuition behind
that. Suppose that we can repeatedly observe the same instance X; of target random variable up to
independent additive noise, i.e., Z;; = X; + N;; with N;; independent. Although we don’t know
the value of X;, we can see that the difference in the observed data entries is equal to the difference
between two independent noise instances: Z;1 — Zjo = (X; + Ny1) — (X; + Ni2) = Nijp — Nyo.
Assuming symmetry in the noise distribution, N = —N in distribution, and N;; — N;o follows
the same distribution with the sum of two independent copies of noise: N;; — N2 = Ny + Njo.
Therefore, ¢Ni1—Ni2 (t) = o¢N (t)z'

From symmetry of N, we know that ¢ (), the Fourier transform of the noisy density is real-
valued. In fact, we know ¢ (¢) is not only real-valued but positive from the model assumption of
the supersmooth noise (see Eq. (5)). It implies ¢n, N, (t) = ¢n(t)? is also positive real-valued.
Hence,

On-N,(t) =E [eit(Nl_Nz)}
g [eit(N1—N2) + e—it(Nl—N2)]

2
= E[cost(N1 — Na)].

Therefore, we can estimate ¢y (t) by taking square root of the (the absolute value of) estimate
N, —N,(t), which is computed as the sample-analog estimator with n independent copies of noise
difference {\NV;; — Nj2}I" . Specifically,

1
2

O (t) = Iy —ny (8)2 = ‘% ZCOS [t (Ni1 — Ni2)]
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However, the repeated measurement assumption may not be realistic, because we may not be

allowed to measure the same entry multiple times. Therefore, we imitate the setup of repeated
1) o pli2)

measurements by considering two columns ji, jo € [n] with similar column features 6, ~ 67

so that
Z(ivjl) - Z(Z7]2) = [A(Zvjl) + N(Zvjl)] - [A(Z7]2) + N(27]2)]
= [A(Zvjl) - A(Z7]2)] + [N(Z7]1) - N(27]2)]
o o

~ N(i,j1) — N(i, j2)-

Summary of the Noise Density Estimation Procedure.
1. Construct 7 := {(i,j1,j2) € [m] x [n]* : M(i,j1) = M(i,j2) = land Gmarg(j1) =
Gmarg ( j2)} as described in Algorithm 2.
2. Foreach i € [n], define 7; as T; := {(i/,jl,jg) eT i # z}
3. For each i € [n], estimate the noise characteristion function ¢y with the triples in 7; as
1/2

> s [H(Z00) - Z6,02) ]| 49)

(i7j17j2)67—i

- 1
oni(t) = |75

Z |7l
Roughly speaking, 7 is the set of index triples to mimic the repeated measurements. For row i, we
use 7;, which is a subset of T tailored to exclude the data from row 4. This refinement of 7 to 7;
for each row 7 is done for the convenience in analysis.

2-2. Computing FO If we blindly replace ¢ with QAﬁN,i in Eq. (36), it might happen that
<ZA5N,z‘ (%) = 0 while ¢x(t) # 0 for some t. To avoid the division-by-zero problem, we intro-
duce a ridge parameter p in the denominator of deconvolution kernel. By choosing an appropriate
value of p, it vanishes fast enough as the number of samples increases so that we can achieve a
consistent CDF estimator even when the noise distribution is unknown.

Summary of Estimator. Recall that B; is the set of column indices j for which Z(i, j) is observed;
B; ={j €[n]: M(i,j) = 1} (see Eq. (18)). We define the kernel smoothed CDF estimator with
unknown noise density as follows: for any choice of constants D, Dy such that D1 < D,,;,, and
D2 > Dmama

. Z £(i) i

FO(2) = Jp, [ (w)dw, %fz < Do, (50)

1, if z > Do,
where

£t 1 2 Z(Zaj)

B (y) = LA\ J)

fY(z) HIB - L( - ) and (51)

JEB;
L(z) = 1 / e—i”%dt. (52)
2 ONi (E) +p
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Algorithm 2: Construction of the set 7 for noise density estimation.

Result: Return the set of triples 7 for noise density estimation
Je{jen: 18| =)
I {z’e (m] - |B: N J| > #};
T+ 0;
Sort j € [n] in the increasing order of Gmarg(7), i.e., find a permutation 7 such that
Gmarg (7) < Gmarg (') if 7(j) < 7(5');
fori € I do
Renumber j € B; N J with j/ € [|B; N J|] in the increasing order of Gmarg (7);
(leto; : B; N J C [n] — [|B; N J|]; this map can be induced from 7)
j' e 0;
while ;' < |B;NJ|—1do
T Tu{lo (1,07 (' + 1)}
Jed+2
else
| J i+
end

end
end

The kernel bandwidth parameter h = (47)% (log |BZ|)_% where /3 and «y are smoothness parameters
for the noise (see Eq. (5)) though the exact density of noise is unknown. In this paper, we choose
the ridge parameter p = |B;|~7/?*.

A . Ny 1
3. A(i,j): Estimate of A(i,j), i € [m],j € [n] Foreachi € [m], let §¥) = <F(’)) denote

the quantile function (right pseudo-inverse) associated with FO, Plugging Eq. (32) into it leads to
the estimate of matrix entry:

A(i,7) = §9 (dmare(5)) - (53)

E.2. Algorithm Analysis

The analysis is done in parallel to those in sections C.2 and D.2. Since the quantile estimator is
the same as before, we can reuse Lemma 20 to show that the quantile estimates for all j € [n]
concentrate to the true values (the column features in our model) with high probability. It suffices to
show the regularized deconvolution kernel ECDF consistently estimates the true CDF even when the
distribution of the additive noise is unknown. Lemma 25 ensures the deconvolution kernel ECDF
F® uniformly converges to F() with high probability.

E.2.1. CONCENTRATION OF Gyarc(j) AROUND 9((:]03 j € [n]

The quantile estimator, Gmare(j) as defined in (32) is shown to be concentrated around Hgg

assumption on the noise as stated in Section 2.3.2. See Lemma 20 for detailed statement.

under the
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E.2.2. CONCENTRATION OF F') AROUND F), i € [m]

Here we shall establish that £'() converges uniformly to F'(!) in large sample limit. Specifically, we
obtain a Lemma (Lemma 25) that provides an exponentially decaying probabilistic tail bound for
this uniform convergence (See Lemma 21 for comparison with the known noise case).

l2
2(Dmaac _Dmin)

\/671+\/§+\/e72+\/§>'

Notation. We recall absolute constants C; = ,Cy = %; and define

e e

Define a monotone increasing function sy : Z — R, with ca 4 as (see item 6 in section 1.6 for
reasons behind this definition)

CAA ESﬁ(

so(z) = 8o (log ac)% log(4mnp) n 2(log w)% [ CAA N 202
(4y)5  (mnp)i 4 |VTB D

Note that o, 3, are model parameters for noise, and L, [ are lipschitz constants for the class of
latent functions. The absolute constant C5 = C5(I) (see Lemma 29) depends only on /. The
1

(1+ x‘Vn_p)] - (54

bandwidth parameter h is chosen as h = (47)? (log |BZ|)_% and the ridge parameter p = |Bi|_%.
Kmae = maxe|_q 1) |¢x (t)| < oo is the maximum modulus of the kernel used.

Error thresholds. Our objective in this section is to obtain a probabilistic tail bound on the uniform
convergence of F® to F. However, we cannot expect convergence up to arbitrary precision, but
there exists a fundamental limit. We define thresholding values for the error in CDF estimation for
the convenience in presenting the results. For i € [m], we let

7 — 2Kmax Dy — D

t(()) = C3 (log |Bi|) V% + (T}f ) (s6(IBi]) +p), and (55)
[ 7 4Kmax Dy —D -2 B

T =) 4 (D ”mﬂmmgmﬁ. (56)

™ ()
Note that these are not constants but functions which depend on |B;|. We also remark that C'3 (log |B; |)_1/ p
is the essential limit for the convergence, while the other slack terms are introduced for the conve-
nience of analysis.

Recall we defined the following conditioning events (see Eq. (42)) to make the probabilistic tail
bound more amenable for the analysis: for any ¢ € [m)],

Erow,i) = {]B,\ > %}, and E;OW(Z.) = {\BZ] < 2np}.

We define ¢ (resp. 1) as the supremum of t(()i) (resp. To(i)) under E,.q,, ;) N E' :

row,(4)

18 2Kymaz(Day — D
£ =0y <log (%)) + (ﬂf ) (s¢ (2np) + p), and (57)
4K paz(Dy — D — 1
Ty =th+ (D, ”(%)Ma%@@ﬁ. (58)

7 (4)7
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Lemma statements. We define a function \i/m,mp :Z4 — Ry as

n m mnp
np (T) =exp 16 + exp 16 + exp 3

nex -n nex - —n —
p p 372 mnp

4 1 %
+ exp (—M log?(4mnp) + log(4mnp)

(47)7
(logx)7 2
+ exp ( - [CAA\/E + 2L+ 2m}
256(4) ?

1 160
—i——(lo mnp + log log(4dmn >+lo _ . 59
5 ( logmnp +log g(4mnp) gCAA+2L\/§> (59)

In the following lemma, we will let W,,, ,, , (|B3;]) denote the remainder term which does not depend
on the error level ¢. For completeness, we note that the remainder term is the sum of upper bounds in

Eq. (92) - (98), which vanishes as mp, np — co. Recall that Cy = MD%_D”, where B > 1.
m(4y)?

Lemma 25 For any i € [m], and for any t > To(i),

P sup
ZE[Dl,DQ]
We state a useful consequence of the above result with conditioning events E,.,,, ;) E . ()

Note that ¥,, ,, , (%) sets an upper bound on U, np (1Bi]) under Erow i) N E,

row,(i)"

_|Bi|5/12

FO)(z) - PO ()| > t) < |B;l5 exp ( i té“f) + Woninp (1Bil).
B

8C£ (log |B;|

Corollary 26 Foranyi € [m], and any t > T(,

P sup
z€[D1,D2]

< (2np)

FO(z) - FO(z)

>t

Erow,(i) ) E;“ow,(i) )

npy\5/12 i
(%) (t - t5)2> + Py (%)

exp < 2
8C7 (log(2np))

o=

i

E.3. Proof of Theorem 3

In this section, we complete the proof of Theorem 3. The proof follows similar structure as that of
Theorem 2. First, we establish tail bound on |A(4, j) — A(4, 7)| and then integrate it to obtain bound
on Mean-Squared-Error (MSE). The main difference is that we use Lemma 25 (Corollary 26) in
place of Lemma 21 due to the lack of knowledge on noise distribution ¢ (¢).

E.3.1. TAIL BOUND ON |A(i,5) — A(i, §)|

For given choice of parameters ¢ > 0 and L,Q*, m,n,p and Tj as defined before , we define
conditions in the same manner as in Eq. (60) (we newly define E'3 instead of E5 there):

B = {t <8LQ" (%) } and B3 = {t < 2LTO*}. (60)
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Theorem 27 For each (i,j) € [m] X [n], for any t > 0,
P (|AG.j) - AG.4)| > )

<T{E1} +exp <—n(ﬁ - ? (%))) I{ET}

-

+1{Es} + (2np)s exp ( ¥ (t— t8)2> I{E5}

8C? (log(2np)
+ exp < g£2> + exp (—%) + 2exp (_g) +Uynp (Zp) ;

where t(), T and \I/m np ( P ) are as defined previously.

Note that the term in the last line, which are independent of ¢, decays to 0 at an exponential rate
as mp, np — oo.
Proof The proof follows the same logic as in the proof of Theorem 23, while we use the upper

bound from Corollary 26 in lieu of Corollary 22. Let 0* = F(0) <fl(z, ])) =F® (ﬁ(i) (@mmg(j)) )

Since () is continuous, 0% — Gmare (J H FGO) _ @)

. By the same line of argument as in the
o0

proof of Theorem 23, since A(z’,j) = g( i) (qmarg(j)) =g <97(,Qw, 9*), and g is (I, L)-biLipschitz,

‘A(m)_A(i,j)‘:(g(eﬁgw,eyo})— (H,E’Jw,e*) A
< £((08) = a3} + fimanti) ~ 7]
< 1,(]69) = )|+ |79 = 79 ).

If 93)3 —qmg(j)‘ < o ‘F(i) — F® ‘ < o then ‘fl(u,z) - A(i,j)‘ < t. We can achieve

the following upper bound by applying the union bound on the contraposition. We let E;) :=
Erow,) N E' @) in this proof. Then it follows that

row

P (‘fl(z‘,j) - A(z‘,j)‘ > t)

. )]t @ Q) !
B t L
> P( (j) Hcol > 2L> +P <ilel]11§ ‘F -F (Z)‘ = 2L
~ . t
<P ( Gmarg (7) — 05)| > E)
@) () _ @)
+P <§1€1]11:£ FW(z) = F'Y( )‘ By E(l)) +P (E(Z))
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Because we have a trivial upper bound 1 on probability, it follows from Lemma 20 that
. ) () t
P (‘Qmarg(J) - ech > E)
)
1= 80 ()}

X [exp <—g—;> + exp (_n(ﬁ — ?* (%))> + exp (—%)] .

In a similar manner, we have

53 () _ ) g
P(iggF (2) = FO(z)| > o E(Z)>

< I{t < 2LT}}

) _ (@)5/12
+1{t > 2LT;} (2np)¢ exp ( 2 7 (t — t3)2>
8C?2 (log(2np))?

FT{t > 20T T (%) .
Note that ¢ > 2L implies that ﬁ > tp.
We used an upper bound on P (E(CZ)) obtained from the binomial Chernoff bound:

P (E(CZ)) =P <|Bl| < % or |B;| > 2np>
np
<P (\Bi] < 7) +P(Bi| > 2np)
5) e (-5)

< = =
< exp ( 3 + exp 3

np
<2exp (-77).
S z26exp 3

Substituting these three upper bounds back to Eq. (44), we can conclude that

g}l{tgé;LQ* (%)}Jrﬂ{tS?LTo*}

- (_n(ﬁ - Q" (%D) oo (g)}
)

3

+I{t>2LT;} (2np)% exp < 7 (t— t8)2>
8K 2.0 (Da — D1)? (log(2np)) #

max (

nt? m n ~ n
exp (‘@) exp (=) +2exp (=) + Vo ()
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E.3.2. MEAN SQUARED ERROR

Let ¢ denote the estimator which maps Z to A. By the same line of arguments as in Eq. (28), the
mean squared error of estimator ¢ is given as

(o.]
MSE () = / 2uP ((A(z’,j) - A(z’,j)( > u) du ©61)
0
Also, from the model assumption and the construction of the estimators, the estimation error is
bounded above:

[A(i,7) = AG.5)| < D2 = Dy,
Let D = Do — D; denote the upper bound. Note that D is a constant independent of m, n.

For brevity’s sake, we introduce some notations for abbreviation. We let

np 5/12
C3 = ( 2 ) 5 -
8C7 (log(2np)) &

We define W(m,n,p) to capture all constant terms in the probabilistic bound of Theorem 27.
That is to say,

i) =0 () 4203 (<) + s ()
= exp (—%) + 2exp (__p> )

4

nexp| —n nexp| — —=n —
p p 32 mnp
g

B
72 log? (4mnp) + log(4mnp)>
B

(47)
+ exp < - w [CAA\/E + 2L\/%]2
256(4+) 7

1 160
+ —( log mnp + log log(4mn +log —8M8M—|. 63
2( g mnp + log log( p)) gCAA+2L\/§> (63)

Theorem 28 (The Full Version of Main theorem 3; MSE with unknown noise) The mean squared
error of the deconvolution kernel estimator ¢ is bounded above as follows:

2
MSE ($) < AL*T;? + 64L2Q" (%)
[3L 1
+8LQ" (@) bm + 4L2(2np)® [— + ul
2 n c3 C3

L2 28832
+—+

n n2

+ D2\I’(m,n,p).

2
The upper bound diminishes to 0 as mp, np — oo at the rate of (log np) 5.
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We remark that 4L2T§2 is the asymptotically dominant term, which scales as O <(log np)_%>
(see Eq. (56) for definition of 7). All the other terms decay at polynomial rate in the least.
For example, Q* (%) =0 (\/%p) (see Eq. (41)). To see the polynomial convergence of

AL (2np)? [ig s /g} , recall from Eqgs. (54) and (56) that

to = Cs <log (@)>_1/6 + 2Kmaz (D — D1) (s¢ (2np) + p), where

2 mh
s4(2np) = 80(10g(27lzp)) B log(4mlnp)
(4v)? (mnp)1

2(10g(2np))% caa  2L\V2 e
+ (47)% [\/m—p+ \/n_p(l—l—\/_p)]

We can see that [% +t; \/g} =0 ((np)_i> because tg\/g dominates asymptotically.
Proof [Proof of Theorem 28] In order to achieve an upper bound on the MSE for the kernel density
estimator with known noise, ¢, we integrate the tail probability bound from Theorem 27.

First of all, we recall from Egs. (29) and (30) that

& 2 1 & 1
/ ue *“du=—, and / ue” "du = —.
0 2a 0 a

o0 1
/ ey ==, X (64)
0 2 a

Now, the mean squared error can be written in the following form:

Also, we know that

MSE (3) = /OD 2uP <‘fl(i,j) - A(z’,j)‘ > u) du

D 8LQ*(™2) 2LTy
S/ 2u\I/(m,n,p)du+/ 2udu+/ 2udu
0 0 0

D nu2

+/0 2u exp <—@> du (65)
D Uy (MmP

—I—/ 2u exp —n(4L @ (2 )) du (66)
8LQ* (2 3
D _ (np\5/12 )

+ / 2u(2np)F exp ( (%) . (% - t;§> ) du. (67)
2LT5 8C% (log(2np))?

We can reuse some calculations from the proof of Theorem 24. Note that the term in Eq. 65 is
the same with that in Eq. (46), and Eq. (66) is the same with Eq. (47). Therefore,

& nu? 8L2
Eq.(65) < /0 2u exp <—m> du = 0
L2

e ()
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It remains to compute an upper bound of the term Eq. (67).

1 D u 2
Eq.(67) = 2(2np)s / U exp <—03 (— — ta) > du
LT} 2L
D _ 4
1 Lo 2 * 2
= 2(2np)s / (2L)* (v + t5) exp (—c3v?) dv
T5 —t

< 8L2(2np)% {/ v exp (—03?)2) dv + ta/ exp (—031)2) dv
0 0

1 m
— 4L (2np)s |— + 15,/ —| .
(2np) [03+ 0 c;;]
The second line follows by substituting v = 57 —t; and the third line follows from that 77 —t5 > 0.
Plugging these upper bounds back into Eqgs. (46), (47) and (48) , we can obtain the following
upper bound

T AT e ) Y e P

3L 1
#8310 (%) 25+ arzemnt | Ly 2.

Rearranging the terms in the increasing order of convergence rates concludes the proof.

Appendix F. Proof of Lemma 15

Proof [Proof of Lemma 15] Recall from Eq. (21) that the quantile of j estimated from row 7 is a
function of |B;| = > %_; M (i, j') many independent random variables, H(Z(i,j) — Z(i,5")):

o Z;’L’:l M(Zvjl)H(Z(Zvj) - Z(Z7],))
Z;’L’:l M(ivj/) '
Since H (Z (i,71) — Z (4, jg)) takes value in {0, %, 1}, it satisfies the bounded difference condition.

To be more specific, let’s consider a perturbation on the column feature associated with one index.
For any jj € [n], if jo € B; (i.e., if M(i,j9) = 1), then

di(9)

1 )lop | <
ql ] eg)([)):b — |Bl|7

a

di (]) ‘9210'(1)):

for any value a,b € [0, 1], while if jo & B; (i.e., if M (i, jo) = 0), then obviously

W), = 4y = 0

Since E [6:()] = 6Y)

col?

of McDiarmid’s inequality

we can achieve the following probabilistic tail bound by an application

P

Gi(J) — 933( > t) < 2exp (—2|B;|t?) .
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Appendix G. Proof of Lemma 20

When there is nontrivial noise present, the indicator may not be reliable any more. Hence, we need
a way to control the effect of noise. We assume the additive noise is sub-Gaussian.
In addition to condition defined in (42), we will use the following notation.

Eea ) = {1871 = 2L} (68)

Proof [Proof of Lemma 20] Recall from section D.1 (see Eqs. (32) and (31)) that the quantile
estimator is defined as

Gmarg (J Z H Zmarg(7) — Zmarg(j/)) ’
where N
2=y M(1.3)2(43) e 3y
Zmarg (J) = ST OMGL) lfB' £0
d if B = 0.
We also note that since the marginalization of the latent function gmarg fo o) is sty

increasing and (I, L)-biLipschitz, hence, invertible. We let (V) = gmarg (Zmarg( /) for the purpose
of analysis. We also define an imaginary estimator

0.0) = S H (00— 0%).
=1

which will be used solely for analysis.
By triangle inequality, the error in quantile estimation is upper bounded as

Qmarg( ) - 9((;]01 q*( ) 9803

< ‘Qmarg ) - Q*(])‘ +

If both ‘(jmarg(j) — (s (])‘ < t; and ‘q*( ) — Gﬁoz < t9 are satisfied, then ‘qmmg Jj)— Gﬁoz < t1+to.
Therefore, for any ¢1,t2 > 0 and t = t1 + to,
P ((qmg(j) — 09| > t) (69)

< P(|dmars) = 0.0)| > 1) + P ([a.) — 05

> tg)
Note that ¢, (j) exponentially concentrates to 990% as n — oo by McDiarmid’s inequality, for exam-
ple. Therefore, it suffices to find a probabilistic tail upper bound for ‘(jmarg (7) — 4«(9) ‘:

D=0 = |23 [ (Zosl5) ~ Zoas() — 17 (69— 69))]
jl=

1
<

oy —

'=

1 G5~ ) - 1 005 |
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For j # j, HH (Zarg(G) — Zanare (7)) — (9903 ) )H — 1 with probability pg, and 0
otherwise (it is uniformly 0 for j/ = j). Now, if we can find an upper bound Dril = Prail, then for

> Phyrs o
P( Jdnae() — 6.)] > 1) <P(Y > nt) < exp <_M>

t+ Pra
where Y ~ Binomial(n, pfy).
We define a monotone decreasing function Q* : Zy — R as

1 1 1
=27 + + :
Ve) = <\/0133 VCr  \/mpCie=C1 \/mp026—02>

2
L > and Cy = 8 == are some model-dependent constants.

where C7 = 2(Dmar—Dmin)?

Claim 1. We show that pg; < Q* (‘Bj D, i.e., P 1S bounded above by a function of the number
. y ‘ .

The estimator gmare(j) exploits the pairwise ordering information of column pair (7, ;") by tak-

@) _ pl"

col col

ing the sign of Zinarg () — Zmarg (j'), which might be different from the true ordering sign (9
due to the presence of noise. We analyze the probability of the order to be distrubed. Note that
sign (Zmarg (4) = Zmarg (j' )) = sign (C @) — ¢l /)) because gmarg i strictly monotone increasing.

Let X; :=( ) — 9& Then since gmarg is (1, L)-biLipschitz, for any s > 0,

P(X;>s) <P (ng(j) — Gmag <9§O}) > 1s)

- yBa, > 20.3) = g (057) 2 15

i'eBI

=¥ ]BJ]ZA ) o (0) 2 5

i'eBI

i'eBi

- |By l22 |B]“22
= &P _2(Dma:c - szn) 8 )

For the brevity, we will let C; = W and Cy = gg throughout the rest of the proof.

Also, we can achieve the same upper bound for P (X; < —s). Since X; — X = (C(j) — C(j/)) —

S

P N(i',j5) > —
* |BJ|Z ’] 2)
_|_

(9((:]0% 9((:]01))’ the pairwise order is conserved unless

X;— X< — (69 =99} when6Y) —9Y) > 0,

col col col col =
X;— X > 09) — 6l when §9) — g) < 0.
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Given 9(] 3, the probability of 9( 7') be smaller than 9(] 3 is equal to 9(] 3, ie., P <9(] ) gU) > 0)

col col

9(])

- Therefore, the probability of the problematic event can be partitioned as

P <sz’gn <C(j) — §(j,)> £ sign (95)3 99;}))
:]P’(X — X <_(9(')_9( )) g\ _ gl )>0)]P><9(J) g\

col col col col = col col

®

\/I\/

+P <Xj - Xy > 00) =05} 09) - 0) < 0) (9901 o) <
The first conditional probability can be upper bounded by
(4) (4" (4) ("
P (X] - Xj' < - <ecol ec]ol ) ecol - chol > O>
e(j) . 9(] ) . .,
R AL EL
9 _ (4" , ,
P <Xj, s Bt et | 4)_ 45) > ¢
() _pla")
Meanwhile, if we define a new random variable 7" := % and let 7 denote its realization,

col
col

) .
we can see that fp(7) = (])]I{O <T< CTO’}, conditioned on 9902 gU’) > 0.

P(X'<—T

9() 9(]) >0>

col col

I
Ms

P (B = k)P (X, < -7

9(]) _9(] >0, |Bj| _ k’)

col

B
Il
o

NE

(:?)pk(l - p)m—k [exp (_Clk7'2) + exp (—Cgk‘T2) }

e
Il
<)

—

pe O 1 (1 =p)]" + [pe @+ (1 - p)|"

) [1 (1 e&#)] m . {1 (s mecﬂz)]m

m

< exp [— mp (1 - 6_CIT2> } + exp [— mp (1 — 6_0272) ]

As aresult,
P (sign (¢0) —¢07) # sign (62— 63)) | 15| = )
=P (0% -0 > 0) (70)
x IP(X — X< - (990} 9(501)) 09) —69) > 0,|8| = kf)
+P (69) - 09 <0) (71)
x P (X Xy > 09) — 09| 68) — 09 < 0,157 = k).
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Note that X; < —7 and X;» > 7 implies X; — X;; < —27 for any 7 € R. Therefore, for any

T € R, it follows that P (X; — X;; < —27) < P(X; < —7) + P (X; > 7). Now we will obtain

an upper bound on Eq. (70) by finding upper bounds on each terms and then taking the union bound.
a9 —00") —arlg@) _pih~g

col col col col =

Note that

21{0< < w’}and[P(G() 05) > 0) =09,

dr 9 () col col col*

col
() _ pl"
P <X_] < _ecol 5 ecol

:/TP(XJ-<

col

8Y9) —69) > 0, |87 :k) (eﬁg} 6Y) >o>

0Y) —9Y) = o7 |BI| = k) X

col

ap (0] - 65) =2r |6 — o) 20) "
7 P <9wl ) dr
o)
= /0 DX < 7|00 - 09) =2 B =k ) ar
0(d)

“col

< 2/ ’ exp (—01]{77'2) + exp (—C’gk‘7'2) dr
0

< 2/ exp (—C’lkr7'2) + exp (—C’gk:7'2) dr
0

=i (e )
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Similarly, we can obtain an upper bound for X,. Note that column j and j’ are independent
and that for ¢ > 0, 1 — e~ > ce~“u?2, Vu € [0, 1].

00 _ @)
P Xj’ > col col

0U) —00) > 0,18 = kr) P (69) - 69) > 0)

9 col col
= /]P’ (x5 > 7[68) - 0% =27, 187 = k)
ap (69) - 09) = 2r|6Y) — 09) > 0)
co co co col — (]) . (j/) >
— P (0%~ 05) > 0)ar
o)
= /0 " P (Xp > |08) - 09) = 2m, 1B = k) dr
o)
:2/02 P (X > 7|09 %) = 2r ) ar
o)
2 2 2
< 2/ exp |[—-mp (1—e )| +exp |-mp (1 — e 977 ) | dr
| e[ )]+ exp [=mn ( )
o)

col

0

o
< 2/ exp (—mpC’le_Cl7'2) + exp (—mpC’ze—C’27'2) dr
0

/e 1 . 1
= i .
VmpCre=C1  /mpCoe=C2

We used the fact (see Eq. (64) that

/OO e dy = 1\/E
0 2 a'

From these, we can conclude that

1 1 1 1
FEq.(70) < .
(70 < v (\/Clk - V sk * V/mpCre=C1 * \/mpC’ge—C2>

In the same vein, a similar upper bound can be derived for Eq. (71). It suffices to remark that

09 —00) <0) 1Y)
[0<7< —— 5

col col

AP (90) _ 9(]'/) — _9r

dr 1_ oW -2
P (Q(j) _ V") 0) —1_pW

col col

Then by the same logic,

1 1 1 1
FEq.(71) < .
) < vr (\/Clk - V sk * V/mpCre=C1 * \/mpC’ge—C2>
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Consequently, we can conclude our claim 1:

a =P (sign (¢V — ) £ sign (69) - 63)))

<2y ! + ! + ! + !
- VC1|BI|  \/C2|Bi]  \/mpCie=Cr  \/mpCqe=C2
= Q" (|B]) -

Claim 2. Next, we can observe that for ¢t > Q* (%),

P (‘émarg(]) - qA*(])‘ > t) < exp <_%>

+ exp (—@> .

Pra=Q* ("5%) 8

It follows from the usual union bound trick with conditioning event Ecoh(j) (see Eq. (68)) :
P (|Gmarg (7) — G+ (4)| > 1)
<P (Y > nt)
=P (Y > nt ‘ECOI ) ( col,(j) ) +P (Y >nt ‘Ecol @) > P (Eccol,(j)>
<PV >0t | ) + P (B

< g (P

+e p( mp)
X .
t+ Drit 8

p?an:Q*(W;p)

We respectively used the fact that )* is monotone decreasing and the Binomial Chernoff bound to
bound the terms.

¢
For t > 2pg., H_—pf;“‘ > 1 3 and hence,

P (‘quarg(j) - Q*(])‘ > t) < exp <_%>

(1)
p;‘;il:Q*(%)

Combining the results in Claims 1 and 2 back to Eq. (69) with the choice of t; = {5 = %, we

* 8/ Cy/2 Co/2
have for any ¢ > 4Q (%):\/%(\/5\7%11 +\/§\J;%; >’

P ([dmmnt) 1] > )

<P (|imasti) ~ a:03)] > 5 ) +P (f

( )_9(j)

col

St
2

t * 2
n(s — Dy t
< exp <_ (2 3pfaul)> + exp <_n2 >
p;‘;il:Q*(%)
_@>
+eXp< 3 )
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Appendix H. Proof of Lemma 21 and Auxiliary Lemmas

H.1. Lemmas to Control the Bias and Concentration of F'(%)

We show that the estimated CDF F(®) is close to the true CDF F() by showing both the bias
‘E [F (i)(z)] - F(i)(z)‘ and the variance of F(!)(z) are small. The following two lemmas assert
these claims, based on consistency results for deconvolution (see Appendix L for detail).

Lemma 29 (Bias is small) For every i € [m], the expectation of the kernel smoothed ECDF F@
defined as in Eq. (38) uniformly converges to the true CDF F) and the convergence rate is given
as (log |B;|)'/?, i.e., there exists a constant C5 = C(l) > 0 such that

sup [E [F@(z)} - F@(z)( < Oy (log|Bs) M8, Vie[m)
zeR

Here, 3 is the smoothness parameter of the supersmooth noise.

Proof [Proof of Lemma 29] The expectation in the lemma statement is taken with respect to the
randomness in data, i.e., realization of the samples which play the role of pivot points for kernel
density estimation. Hence,

[ [FO0)] - 70| = [ [FO0) - FO)

1/2

<E [(F(i)(z) — F<i>(z))2] , (72)

since E [X 2] —E[X ]2 > (. We will control the term in the right hand side of Eq. (72) by applying
Theorem 57. For that purpose, we need to ensure that our density f() (2) = d%F(i) (z) is in Fan’s
class for some m, a, and B (see Eq. (104) for the definition of Fan’s class).

Note that £ is the inverse function of a slice of the latent function with a fixed row feature,
Jppl). > in our model. We assume it admits a probability density f(?). It is easy to see that % <
f9(z) < % for all z € supp f* (and f*(z) = 0 outside the support) because the inverse of F'(*)
is assumed (I, L) bi-Lipschitz in our model. This f () belongs to Fan’s class

Co = { () £ |7 (@) = £ (2 4 6)| < Bo" .

with the choice of m = 0, =0, and B = %
Therefore, for all ¢ € [m], the density corresponding to F' () belongs to a Fan’s class, i.e.,
f @) e Coo 1. As a result, we can apply Theorem 57 on Eq. (72) to conclude that for any i € [m],

1/2

sup
z€R

E [F@(z)} ~ F(z)

< supE [(m(z) _ F(i)(z)>2]

z€R

B 2 1/2
< sw sk (g ) - Fo)|
fECOVO’% z€R

— 0 ((1og |Bi)~7).
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F| 5;| denotes an estimate of F' with |3;| number of samples. Moreover, the constant C'3 hidden in
the big O notation is dependent on the class C; , 1, hence, only on the model parameter [, because
) l

Fan’s original result holds uniformly over the whole class C; 1. |
g l

Lemma 30 (Variance is small) For each i € [m), the kernel smoothed ECDF F%) defined as in
Eq. (38) concentrates to its expectation, i.e.,

]P’< ‘F(D(z) —E [F(i)(z)H > t> < 2exp <%t2> .
4 \10g |54

BKmacv(DQ_Dl)
1

Recall we defined the constant Cy = where (3, > 0 are smoothness parameters

m(4v) P
for the noise, and Ky = maxye—11] |95 (1)].
Proof [Proof of Lemma 30] Recall that the kernel smoothed ECDF F@ eVNaluated at z is a function
of | B;| independent random variables {Z(i, j)} ez, i-¢., when z is fixed, ) (z) : RIB:| — R such
that

zADag w — Z ]
FO(z) [Z(i,jl),...,Z(iajBi)]:/D |13|Z < - J)>dw’

where L(z) = o= [ e 25(0)_ 4t and h is the bandwidth parameter for kernel K.

2 on ()
We will first show that F'(9) (z) satisfies the bounded difference condition (see Eq. (102)).
Let (" = (C1,...,Gn) and ¢ = (C1s-- -, ]’-, ..., (pn) be two n-tuples of real numbers, which

differ only at the j-th position. Then

FO )¢~ FO(2)(¢)) (73)

1 D2 w — ¢ w_g
“w, () ()

Z/\D2 Cw—Cs i w,c’_
:L i <e—2t hJ _e—Zt hj> qb (t) dtd

n Jp, 2 ~ (1)
2AD3 L w—C
< et it (t) dtdw. (74)
27Th’I’L on (%)
Because e~ is on the unit circle in the complex plane for any real numbers ¢ and z, we have
wec! Wt wec’
e—itw;fj _ it 4 < e—it—hCJ 1 et G 9.

Since ¢ is assumed to have compact support (see Appendix L.2) within [—1, 1], and a Fourier
transform of L' function is uniformly continuous, there exists Knar = max,e(_1 1) |¢x (t)] < 0o
such that |¢x (t)| < Kpae, Vt. From the supersmoothness assumption on the noise (Eq. (5)), we

have [o (£)] = B~ exp (—v[£]”).
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We choose the bandwidth parameter h = (47)% (log n)_% following Fan (Theorems 56, 57).
Plugging these expresions into Eq. (74) leads to

1

1 6 2NDa2 1
Eq.(74) < 28" (logn) / / 9B K s €Xp <— 1t|% log n> dtdw
27 (4) 5 n 4

BK s (logn)? [P 1
< ( ?gn) / (1 —-(-1)) max exp <— |t]? logn> dw
T (4,7)3 n D1 te[—1,1] 4

_ BKa (logn)
T (4’}/)% n
_ 2BKya(Dy — D) (l0g n)?

)
= 1 3
4

|
[~
>
-
>
|
-
[l
[\
S
=

= for any z € [Dy, Ds].
Applying McDiarmid’s inequality (Lemma 55), we can conclude that,

_1/2
> < 2exp <n72t2> .
202 (logn)?

This argument holds for every ¢ € [m], with replacing generic variable n with corresponding |5;].
|

P |FOOI] - B PO >

Lemma 31 (Variance is uniformly small) For each i € [m), the kernel smoothed ECDF )
defined as in Eq. (38) uniformly concentrates to its expectatlon i.e., for any nonnegative integer N

and for any t > A()(Dile (we define A1) := BEmaz | B, ]4 (log |B; ])
w(17)

. - 1B [/2 @ (D, — 2
23 (log |Bi[)? N

P sup
z€[D1,D2]

where 3,7 > 0 are smoothness parameters for the noise, and Ka, = maxe_1 1) |k (t)].

Proof [Proof of Lemma 31] First, we discretize the interval interval [D;, Ds| by constructing a

finite e-net. For any N > 1, define the set

2k —1
2N

Ty = {Dmm + (Dy — Dy), Yk € [N]} .

Then for any N > 0, Ty C [D1, D5] and it forms a %—net with |Ty| = N, i.e., for any

z € [D1, Do), there exists k € [N] such that |z — M (D2 — Dy)| < (D27ND1)
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We can observe that

” 1 2= Z(i,§)
(@) S | D L(z2—=\"»J)
7] Hh@@% (=),
1
< Z||L
< Il
1 / —itz (bK(t)
- — e dt
270 | o ()
1 _it> O (1)
é e ltZ
2mh ON (%)
< Kmax dt

2rh J_y g-1 exp <_7 ‘%‘B)

1
BKmax 1 % 3 ! 1
o8 LB D / exp <Z |t|5 log |BZ|> dt
3 ~1

IA

o BKpaz

™ (47)7

Let A denote the upper bound in the last line. Since this upper bound is universal for all realization

of samples, HE [f(i)] H < A too. Then Hf(i) —E [f(i)} H < 2A and it follows from the
[ee]

definition of F(*) (see Eq. (38)) that

|7 (log |Bi])® .

ey

sup

Ze[Dl,DQ}

FO() —E [ﬁ(i)(z)] ‘ + %

FO(2) — B [FO(2)] ' < s

Therefore, if ‘F @) -E [F (i)(z)} ‘ < ¢ for all z € 7T, the supremum over the whole domain
FOG) —E [ﬁ(inz)} ( <

is bounded above up to an additional term, that is to say, sup.¢(p, p,]

(#) — o . . .
e+ %. An application of the union bound on the contraposition of the previous statement
yields

P sup
ZE[Dl,DQ]

FO(()—E {F(i)(z)” > t) <P (sup ‘F(i)(z) —-E {F(i)(z)” >t—

z€TN

<Y P <(F<i>(z) —E[FO)| 2t - %)

z€TN

, 2
—|BZ-|1/2 (t A (Dg—D1)>
203 (log |Bi])#

AW (Dy — Dy)
N

< 2N exp
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H.2. Proof of Lemma 21

Proof [Proof of Lemma 21] By Lemma 29, we have a universal upper bound: for any i € [m],
SUp,cgr ‘E {F(i)(z)} — F(i)(z)‘ =0 ((log ]B,-\)_l/ﬁ). Actually this bound is uniform over all

possible realizations of 0,(1?1” € [0, 1]. Therefore, we can explicitly introduce a constant C's = C'(1),
which does not depend on i € [m], to write

supsup |E [F(i)(z)] — FO(2)| < C3 (log |Bs) V7. (75)

i z€R

The concentration rate obtained in Lemma 31 is stronger than (log |B;|)'/? as long as N is a subex-
ponential function of |B;]:

. . B[/ @ (Dy— D)\
P sup F(Z)(z)—E[F(Z)(z)” >t | <2Nexp _ BT t_w ,
z€[D1,D2]

2
207 (log |B;l) N
Therefore, it is the bias which dominates the discrepancy between the kernel smoothed ECDF F@)
and the true CDF F()) = g_le(i) .
e

—Yrow

Now we will combine these two inequality by applying the union bound. For any §1,d2 > 0,
suppose that both ‘F(i)(z) —E [F(")(z)} ‘ < 67 and ‘F(i)(z) —E [F(i)(z)] ‘ < {9 are satisfied.

Then ‘F (i)(z) - F (i)‘ < §1 + 02 follows by triangle inequality. We can obtain the desired con-
centration inequality by applying the union bound on the contraposition of this statement with the
particular choice of §; = C3 (log |Bi|)_1/ #and 6, = t — ;. To be more specific, for any nonnega-

tive integer N and for any ¢ > % + O3 (log | B|)Y/# (where Cj is the constant as in Eq.
> t>

(75)),
F(i)(z) _ @
F(i)(z) _E [F(i)(z)] ‘ > C4 (log |B¢|)_1/B>

P sup
z€[D1,D2]

<P sup
z€[D1,D2]

+ P sup
z€[D1,D2]

g 1/2 @ (Dy — 2
< 2N exp Bi] . (t _AY(D2=Dy) Cs (log \Bi’)_l/6>
2C% (log | Bi]) # N

FO) —E[FO)]| >t - €y 0g B) ™ 5)

Finally, letting NV = \B,-\% (log \B,\)% leads to % = C4 (log \Bi])_% . [ |

Proof [Proof of Corollary 22] Conditioned on event F, ,, (;), it holds for all 7 € [m] that [B;| > =

Similarly, |B;| < 2np for all i € [m], when conditioned on event E/ (i) Therefore, for any
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i € [m],
P sup F(l) (Z) — F(Z) > t‘ Erow,(i)? E;“ow (4)
z€[D1,D3) ’
_ ()12 ~1/8\ 2
gcn,pexp< (%) 2<t—C(log%> />>
202 (log (2np)) 2
where ¢, , = 2(271]?)% (log (2”29))% "

Appendix I. Proof of Lemma 25 and Auxiliary Lemmas

The purpose of this section is to prove Lemma 25, which provides a probabilistic uniform bound on
the CDF estimate F'(), We will prove the desired result by showing (1) F'® concentrates around its
expectation; (2) the expectation of F® ig close to that of F'(!) under a high-probability conditioning
event; and (3) the expectation of F) ig uniformly close to the true CDF as shown in Lemma 29.

Claim (1) is proved in section 1.5 by essentially the same argument as the known noise case (see
Lemma 31) and (3) is already shown. It is the proof of claim (2), for which most of this section is
spared.

Throughout the first three subsections (I.1, 1.2, 1.3) we show that the size of the set for noise
density estimation, 7;, is neither too big nor too small. With aid of auxiliary lemmas, we show the
estimated characteristic function of the noise is sufficiently accurate so that the modified kernel esti-
mator is sufficiently precise. The summarized result can be bound in section 1.4, which characterizes
the bias between F() and £

In section 1.6, we introduce appropriate conditioning events which are used to prove claim (2),
all of which are high probability events according to the lemmas proved. In the end, Lemma 25 is
proved by applying union bound.

I.1. The size of the base set 7; for noise density estimation

We defined the set 7; to estimate the distribution of additive noise by emulating the setup of repeated
measurements. In this section, we present two lemmas: Lemma 33 shows there are a plenty of
triples in 7; enabling the estimation; on the other hand, Lemma 34 claims that there are not too
many triples in 7 O 7;. the discrepancy between the presented procedure with formula in Eq. (??)
and the original estimation procedure with repeated measurements is small with high probability.

Lemma 32 The sets J and I defined in Algorithm 2 are sufficiently large with high probability.
Specifically,

2 8

]P’<\J\ cnltzew (_%”> < exp < _nloew (5] >

(e A P e G 911

2 8
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Proof Recall the construction procedure of the set 7 (see Algorithm 2). The number of column
indices in J is given as the sum of indicator variables

=Y i = 5. (76)

J€[n]

Note that |[B7| = >
Chernoff bound that

| M (i, ) is distributed as Binomial(m,p). It follows from the binomial

(112 ) 21 (-12).

Therefore, n indicator variables in Eq. (76) are independent Bernoulli variables, each of which takes

value 1 with probability greater than 1 — exp (—%).

Therefore, |J| ~ Binomial(n, p2) with p; > 1 — exp (—2£). It follows that

i€lm

mp

n|l—exp(——%
P(|J] < (L= (- 5)] <]P>(u\<”p2>
2 2

np2 >

< _ e

= Oxp ( 8
n |l —exp (—Z&

Sexp<_ [1—exp (=5 )]>.

8
In the same vein, the number of column indices in [ is given as the sum of indicator variables

=31 {|B nJ| > |J|p}

1€[m]

Now [B; N J| = >7,c; M(i,j) is distributed as Binomial(m,p’) with p" > p, because p’ =
P(M(i,j)=1|jeJ) > P(M(i,j) =1) = p. These m indicator variables are independent
Bernoulli variables, each of which takes value 1 with probability greater than

<\B mJy>’ ’p> zl—exp<—%>.

Binomial(m, ps) with ps > 1 — exp <—%). It follows that

(i< 2L EENY o oy

Therefore,

N
BRIESIE)
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Lemma 33 Foranyi € [m],

ms (LR o)

—exp (L2
with probability at least 1 — exp < — M)

Proof Recall the construction procedure of the set 7 and 7; (see Algorithm 2).

Given i’ € I, welet oy : By N'J — [|By N J|] denote a map which maps the column index
in By NJ C [n] tointegers 1,2,...,|By N J| such that o(j1) < o(j2) implies that gmare (j1) <
Gmare (j2). Note that o is a bijection and is invertible where its inverse o, ' : [|ByN.J[] — ByNJ C

First of all, we show that there cannot exist more than L\/ |Bir N J ]J k’s (where k € [|By N J| — 1])

such that ]

VIBy 0

Let [a, b) denote the half-open interval, that is to say, [a,b) := {x € R: a < x < b}. If k1 # ko,

e (73 (5 + 1)) = i (7 () | > )

e (77 (050)) s (77 01+ 1) ) 1 [ (771 (052) s (7 (2 + 1) ) =,
and hence,
p (e (037 (k1)) s (07"t + 1)) ) U s (75" (52)) s (07 (k2 + 1) ) )
=t ([dmare (77 (k1) s (05 (k1 1)) ))
11 ([ (07" (k2)) e (07 k2 + 1)) ) )

where i is the Lebesgue measure for R, and y ([a, b)) = (b—a)I{b > a}. Let Sy denote the set of
k’s in [| By N J| — 1], which satisfies Eq. (77).

Let’s Assume that |S;/| > L\/ |B; N J|J + 1. Since ¢marg (0'271(1{:)) €[0,1),Vk € [|By N J|],

t=pO) 2z U |dmae (07 (1) s dmag (07 (6 + 1) )
ke|B,;/|—-1

>ul U [qmarg (071 (K)) , Gimare (a;l(k+1>))

kES,)

= 3 (o (05" 1) i (07 ) )
kES,

> (] ) (i)

> 1,
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which is a contradiction. Therefore, it is proved that |Sy| < L\/|B,~/ nJ |J . For those k €
[|Bi N J|— 1]\ Sy, we have

1

VIBy 0 J|

In case both k, k + 1 € [|By N J| — 1] \ Sy, either (i’, ot k), o0t (k+ 1)) €T or (z”,agl(k: +
1,0, (k+ 2)) € T, but not both. However, no more than half of k € [|By N J| — 1] \ Sy is ex-
|B,L-/ﬂJ|—1—b/|B,L-/ﬂJ|J

cluded and there exist at least { 5 —‘ number of &’s such that (7', o, (k), 0, ' (k + 1)) €
T.

()] o
From Lemma 32, we know that |I| > ————=———= with high probability (i might be
also in I). We also know from the argument above that for each i’ € I, there exist at least

{ |BZ~/OJ|—1—2{\/|BZ~/—OJ|J “

7. All in all, we can conclude that

mQ<mP—mﬂ*¥ﬂ_Qr%—bw%¥ﬂ

Gmarg (05" (k + 1)) = Gmarg (07, ()) <

Uy, /e
> {%W number of k’s such that (z”,crl?l(k),agl(k +1)) €

1—exp(— 22
with probability at least 1 — exp < — M) |

We have shown that 7; is sufficiently large with high probability. On the other hand, we can
also show that 7 is not too large compared to the total number of observed entries in the matrix
(= mnp) with high probability.

Lemma 34 The set T is not too large with high probability. Specifically,

P(|T] > mnp) < exp (—M> :

Proof It is clear from the description of algorithm (see Algorithm 2) that for each (i, j), there
can exist at most one element (i, j1,j2) € T such that either (i,7) = (', 1) or (i,7) = (7, ja).
Moreover, if there exists (i, j1,j2) satisfying either of those two conditions, M (i,j) = 1. As
aresult, 7] < 1 >_i; M(i,j), which is the sum of mn independent and identically distributed
Bernoulli random variable with probability p. Applying the binomial Chernoff bound yields

P(|7T| > mnp) <P ZM(i,j) > 2mnp | < exp (—?) .
0,
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L.2. Useful properties for noise density estimation

The set T is carefully constructed for estimating the noise distribution. To analyze the quality of
estimated characteristic function of the noise, we introduce the following notations:
[AA||oo iy =  max _|A(i,j1) — A(i, j2)|, and (78)
(¢/,51,52)€T;
IAN oo,y =  max _|N(i,j1) = N(i, ja)l- (79)
(¢/,51,52)€T;

The following two lemmas show that these two quantities are not too large with high probability. In
particular, Lemma 35 shows that HAAHOO,(,-) is vanishingly small as m,n — oo, while Lemma 36
shows that || AN ;) scales only logarithmically with respect to m, 7 and p.

2 *
Lemma 35 Fort > L, /7 +4LQ* (%R),

2
n 2
P (A A] iy > £) < || exp |~ (t_L /W>
n | 2 . (MP
+|J‘exp<—ﬁ (t—L W—ZLLQ <7)>>

Proof From the Lipschitz assumption on the latent function, we have

e(jl) o 9(j2) )

col col

|A(#,j1) — A(i', j2)| < L

0(j1) o 9(j2)

It suffices to find an upper bound on ol ool

‘ to control [|AA[| ;. However, this is a latent
quantity, which is not observable from data. Instead, we take a detour using triangle inequality:

9(]’1) o 9(]’2)

col col

< 1000~ 1) + [ 72) — e (2] + [ (72) — 617

We will show ‘(jma_rg (1) — Gmarg(j2) ‘ is small for all (¢/, j1, jo) € T by careful construction of 7, and
40)

col

20).
First of all, note that |B; N J| > # for any i € I by construction of 7. Therefore, for any

(i/7j17j2) € 7—9
T P S
Gmarg (J1 Gmarg \J2) = 7’82 e J‘ < —|J|p

— Gmarg (J )‘ is small for all j € J due to the concentration of quantile estimates (see Lemma

In other words,

P U {‘Qmarg (]1) - Qmarg (]2) ‘ > ﬁ} =0.

(il7j17j2)€7;
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Next, recall that we defined function Q* : R, — R as (see Eq. (41))

1 1 1
=2 + + ,
QO (@) =2v/m <\/0133 VGO \/mpCie=Ct \/mnge—C2>

where C7 = W—D)z and Cy = 357 are model dependent constants. Note that the set J is

defined as J = {j € [n] : |B7| > =F } (see Algorithm 2 in section E.1). By Lemma 20, for any

t > 4Q* (T):®< L )
>t‘j € J> < exp <—%’52> + exp (—n(%_g* (%)))

NG
It is worthwhile to remark that exp (— %) term is removed from the original statement of Lemma

P ((q}m OB

20. That term was originally coming from P (Eccol (j)> (see the Claim 2 in the proof of the lemma),
however, that term disappears once j € J. By applying the union bound, it follows that

IP(A >t,Vj6J)§j§€;]P’<A

< 1] [exp<_”7t2>+exp< <%_%*(Tp)>>]_

From the argument above, if ‘qmg j)— 9?03‘ <ty forall j € J and (qmg (J1) — Gmarg (42) ‘ <

to for all triple (i, j1,72) € T then |A(¢', j1) — A(7, j2)| < L(2t1 + to) for all (', j1,72) € T.
Consequently, for ¢ > L, /70 J|p +4LQ* (5F),

)

col

(j) — o\

col

>t‘]€J>

P (HAA”OO’(Z) > t) =P < max |A(i/,j1) — A(i/,jg)| > t>

(#.1,52)€T;
<P U { >£}
- L
(ilvjlvjz)eﬂ
<P U ‘(jmar (jl)_(jmar (]2)‘ > i
B LS £ ¢ 17| p
(1,91,52)€T:
1|t 2
— == /—,VjeJ
2[L \/\J\p"]€>
5 2
n
< — —
_!J‘exp 372 <t L |J|p>
—I—‘J|exp SR R 2 4LQ< p) .
12L |J|p 2
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Lemma 36 [|AN|| () does not exceed 40+/log 4|T | with high probability. Specifically,
1
P (AN |oo ) > 40v/log 4[T]) < T

Combined with Lemmas 33 and 34, this lemma asserts that [|AN || ;) < 40+/log 4mnp with high

probability, i.e. 1 — O(L)

mnp )
Proof Forany t > 0, if [N (¢, j1)
Considering its contrapositive,

LN (i jo)| < forall (7, 51, j2) € T, then |AN||o i) < t.

= [P <‘N(il’j1)‘ = %) +P<|N<i’,j2>\ z% }

(ilvjlva)ET

< 2|T|P (\N(z’,j)\ > %)

2
<4 —— .
< 4|T|exp < 80’2>
The last line follows from the sub-Gaussian assumption on the noise and the Chernoff bound.

With the choice of t = 40+/log 4|T],

1
P (HANHOO,@-) > 40\/10g4!7'!> < 4|T | exp (—2log 4|T]) = et

L.3. Uniform convergence of () to ¢(t): step 2-1 in section E.1

Recall that the estimator F' of interest differs from F already analyzed only in one sense; L is defined
with estimated characteristic function of the noise ¢y ; with ridge parameter to avoid division-by-
zero (see Eqgs. (51), (52)), while L is defined with true noise characteristic function ¢ .

My 4 - (2= Z(i,7) sy k(D)
fY(z) = HIB] ygl;L <7h > , where L(z) = 5 /e 7(231\/,2' () —i—pdt'

The goal of this section is to show for any i € [m], éNﬂ- = ¢y, thereby having f = f , which will
be shown in the next section.

Recall that the noise density is estimated from the base set 7; as per described in Algorithm 2
and that the estimated characteristic function is defined as follows (see Eq. (49)):

1/2

b alt) = % S cos[t(ZGi, 1) — Z0,12)) ]

(17.717.]2))67;
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For analytical purpose, we define an imaginary estimator of the characteristic function of noise as

1/2
; 1 . .
O alt) = Yo cos[t(NG 1) = NG j2) ]| (80)
Tl A~
(4,51,52))€Ti
1
We label the argument inside the absolute value bracket as follows so that qﬁ N, i |<I> !5
5 1 o .
Dy (t) = 7 Z cos [t (N (i,j1) — N(i,j2)) |- (81)

" (6,41,42)) €T

Lemma 37 Forany i € [m), (ﬁ}k\“ is close to ¢ with high probability. Specifically, for any t € R
and for any s > 0,

P (|63i(t) — on(t)] > 5) <P (|®k () — on()?] > 5?)

| o4
< 2exp (—@) .

Proof By the assumption of supersmooth noise (see Eq. (5)), ¢n(t) > B~ exp (—7|t|?) > 0 for

all £ € R. Also, by definition of the estimator (see Eq. (80)), éjvl(t) > 0 for all £ € R. Since
|a —b|] < |a+ b| for a,b > 0, we have for any ¢t € R,

N

[6340) = o (®)] < (|684(8) — o (B)]| 3 s(8) + e (1))
= |65 — on ()?]
< [4(6) — o (0],

N

The last inequality follows from “@}‘Vz(tﬂ - ¢N(t)2‘ < ‘@}*\,Z(t) - ¢N(t)2‘, because ¢ (t) > 0.
From the symmetry of the noise distribution and the independence between N (i, j1 ) and N (7, j2)
for (i7j17j2) € 7;7

E [cos (N(4,51) — N (4, j2))]

=E B exp (t(N(i,51) — N(3,42)) ) + %exp (= t(N(i,51) — N(i,j2)) )]
;E[tN(z J)]E[ = tN(i, jo)] + E[ — tN (i, j1)|E[tN (i, j2)]
= on ()2
Therefore, E [ Nalt } ¢n(t)? forall t € R,

Since ‘ s [t (N(i,j1) — N(i, j2)) ‘ < 1, we can apply Hoeffding’s inequality to achieve

| 2
P (MD*NZ(t) - <;5N(t)2| > s) < 2exp (—@) , forallteR.
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All in all, for any ¢ € R and for any s > 0,

P (|6i(t) — on(0)] > 5) <P (|di(t) — o (t)?| > )
SICROENOEEY

| 4
< 2exp (—@) .

Lemma 38 Foranyi € [m], <;3*NZ is uniformly close to ¢ with high probability. Specifically, for

1
2

>

any A > 0, any N € N and any s > HA}‘\%

~ 7; *(1
P ( sup | o i(t) — on(t)| > s) < 2N exp (—% <s2 - HA]\;I)\
te

[_A7A]

) -

where HAR@X

A [Ia1aN 2, ) +208],

‘OO:

Proof
First, we discretize the interval interval [—A, A] by constructing a finite e-net. For any N > 1,

define the set (2h 1 N)A

Then for any N > 0, Ty C [—A,A] and it forms a {-net with [7y| = N, ie., for any 2 with
|2| < A, there exists 2’ € Ty such that [z — 2/| < &.

Next, we consider the maximum rate of change of the function @7\7 () — ¢%(t) to determine
the resolution of the net. For brevity, we let AN = N(i,j1) — N(i, jg).7We can observe that

d
— % (t
dt N,z()

1 d . o
= m Z ECOS [t(N(Zvjl)_N(Zvj2))]‘
" (i41,42)) €T

-1 . o o N B
= |77 Z sin [t (N (i,51) — N(i,52)) ] (N(é,51) — N(4, j2))
PR

(4,91,52))ET;
< t N ', y _ N -’ .
S | ECE AR
— AN, .

‘ 2
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and

9 %0)| =2on (1) Ton (1)

d [* 4
“ itz g
dt/—ooe dFy(z)

/ ize!dFy ()

oo

< 2|on ()]

< 2|on ()]

o

< 2|pn(t)] /_OO

< 20Bexp (—7|t|ﬁ) .

z|dFy(z)

The last line follows from the sub-Gaussian noise assumption:

/ |z|dFy(z) =E[|N|] <E [NZ]% <o.
Therefore,
d /. d . d
— (D5 — 3 ()| < — N ()] + — % (t
S dt( Ni(t) — o ( )) S b V() S TN ()

< [A[IAN|Z ) +205.

Then it follows from the continuity of Cfﬁ}*vl(t) — ¢%(t) that

“ “ A
sup | ®(t) — 6% (8)] < sup | @340 — 6k ()] + 1 [AIANIZ ) +20)
te[—A,A] teTn

We let HAR@X

‘ denote the upper bound on the error term, i.e.,
[e.e]

A*(i)

H NA LO = % [’A’HANHio,(z') +203} :

Therefore, if ‘(i)}kvl(t) - (b?v(t)‘ < s forall t € Ty, the supremum over the entire domain

[—A, A] is bounded above up to an additional term as sup,c[_ ] ‘ti)*NZ(t) — % ()| < s+ AW L

70



MONOTONE MATRIX ESTIMATION VIA ROBUST DECONVOLUTION

An application of the union bound on the contraposition of the previous statement yields

P( sSup ‘(sz ¢N(t)| > 3) < P( sup ‘(I)Nz (b?\f(t)‘ > 32)

te[—A,A] te[—A,A]

N

)

<P (sup |q)Nz <Z5?V(t)| > % — HA;\EZ/)X
teTn

<Y'p ( <;5N()\>32—HA*]\,(?X
zz@m( (= ol

caven (-1 )

As in Eq. (81), we let

Dy (t) = % Z cos [t (Z(i, 1) — Z(i, j2)) ], (83)

so that ¢ ;(t) =

Lemma 39 Forany i € [m), ngb N,i IS close to QAS}*VZ with high probability. Specifically, for anyt € R
and for any s > 1L HAAHOO (4)

P (|énat) — D] > s) <P (|ona(t) - B3] > )

2 2 2
< 2exp ——’7;‘ 52 — ; HAA”OO’(i)
- 262[| A A% 0 2

Proof We know that QASN,Z-(t), (;AS*N ;,(t) > 0forallt € R (see Egs. (49), (80)). By the same argument
as in the proof of Lemma 37, for any ¢ € R,

N[

[vat) + Giva(0)

oni(t) — ¢Nz ‘ <‘¢Nz ngv,i(t)
hv,i(t)? — dna(t)?

| < Ja—b).

N

Dt = S a0 = [[Ewat)] = |O3i(0)]| < [natt) = E3v,(0)|

71



MONOTONE MATRIX ESTIMATION VIA ROBUST DECONVOLUTION

By the model assumption, Z(i,j) = A(i,7) + N(i,7). Changing the perspective, we now
consider Z(i,j1) — Z(i, jo) as a perturbed instance of the noise N (7, j1) — N(i,j2) by the signal
difference A(i,71) — A(4,j2), which is assumed to be small for (7, ji,j2) € T;.

For brevity, we let AN = N(i,j1) — N(i,72), AA = A(4,j1) — A(4, jo) and AZ = Z (i, j1) —

Z (i, j2). Since it is known that cos a — cosb = —2sin “;rb sin “gb
. ., 1
Py i(t) — <I>N7Z-(t)‘ = Al Z {cos [tAZ] — cos [tAN]}

(Z7.717.72))€7;

-2 . tAA\ . [tAA
— |Z| Z Sln<tAN—|— 5 >Sln< 5 >

(27j17j2 )67—2

We will find an upper bound on this last term by showing that it sharply concentrates to its expecta-
tion, which is small.

Note that the distribution of AN is governed by the randomness in {N (¢ 51), N ( - j2)} (i1 j1.J)ET,
and that of A A is by {9mw, ijl , Col }(2 ha)e . Conditioned on {9mw, gl , Col }(2 )T
the summands, sin (tAN + tAA) X sin (tAA), are independent from each other so that we can
apply the Hoeffding’s inequality.

Let Ady (1) = Oy 4(t) — @*Nz(t) and note that |sinz| < |z| for # € R. Then for any ¢t € R
and any s > 0,

P<|A<i>1v,i(t) —-E [A@v,i(t)] | > S) < 2exp <_ 2(@)2 )

2
Z(i7j1,j2)€7§ (tAA)
<2exp| — |7;|82
- 2max(i j, j,)eT; (tAA)

|7i]s”
—gexp [~ T (84)
( A7 AAI )

Now we consider the expectation E [A(i) Nz(t)] where the expectation is with respect to the

first source of randomness, {N (¢, 71), N, j2)} (@ . From the symmetry in the noise dis-

o ',51,42)€Ti
tribution,

. -2 . tAAY . AA
E[A®y,(t)] = E 7 Z 7—s1n <tAN + T) sin <t7>

(A .. .
(i,51,52))€Ti

-1 . tAA . tAA . AA
=E 7 Z . |:Sln <tAN—|— T) + sin <—tAN—|— T)] sin <t7>

(4,91,32))€T:

=K —2 cos (tAN) sin? (#)
" (i,41,52))ETi
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We used the fact that sin(a + b) + sin(a — b) = 2sin ‘”2'5’ cos 4. Since ‘ cos (tAN) ‘ < 1 and

tAA ‘ ‘ A4 |

[sin (134

(tAA)®
< max
(ij1,2))€Ti 2

. 2 tAA? 2
[B[ady(1)]] < P = = S1a4Z . ®9)

ITi| . 4 2
(4,91,32))€T:

Combining the upper bound on ‘E[Afi) Nz(t)]‘ in Eq. (85) together with the concentration
inequality Eq. (84) yields the following result: for any ¢ € R and any s > % ||AAHC2>O ()

2 AA 2 2
. < R R BN P A S
P (‘A(I)Nﬂ(t)‘ > S> 2exp 2t2H ”2 p S 5

All in all, for any ¢ € R and for any s > % ||AAHOO,(,-),
P (|6na(t) = $3i(®)] > 5) <P (|@walt) = ivs(t)] > 57)

2 2 2
| 7:] 9 13 HAAHOO ()
<9 v _ - T
< 2exp 2t2||AAHC2>o(i) s 5

We can refine the result obtained so far to get a uniform upper bound with the e-net argument.
Recall that

1
2

Ona(t) = Biva(D)] < [ona®)? = Gva()?

< [Bnalt) - B30t

It suffices to find a uniform upper bound on ‘@ N,i(t) — <i>}*v ;1) ‘

Lemma 40 (Uniform convergence of the noise estimate) For any i € [m], éNﬂ- is uniformly

close to ¢37\u with high probability. Specifically, for any A > 0, any N € N and s > ‘Ag\l,) A 2

i

P < sup | i(t) — i i(0)] > ) <P < sup | () — (1) > 82>

te[—A,A] te[—AA]
<o (g (- L))

(N + 21 A Ao,y + 41 AN|se ]

where [AQ,[| = 250

AZJAAIZ,
2

We note that, as we refine the net by letting N — oo, HA%) , which sets the

[ee]
fundamental lower bound on sup;¢|_4 A |dn,i(t)— Pn.i(t) |. Thatis to say, |

éNz (sz H
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A||AA| s, (). Indeed, such is a limit on the deconvolution obtained due to the inherent noise repre-
sented by term || AAl| (; and some such limit is naturally expected.

Proof [Proof of Lemma 40] First, we discretize the interval interval [—A, A] by constructing a finite
e-net. For any N > 1, define the set

Ty = {w, Vk € [N]}.

Then for any N > 0, Ty C [~A,A] and it forms a W—net with |Ty| = N, i.e., for any z with
|z] < A, there exists 2z’ € Ty such that |z — 2/| < A

Next, we consider the maximum rate of change of the function Ad N(t) = Pn(t) — 3 ,(2)
to determine the resolution of the net. We can observe that 7

d d . )
L Ady(t) = (t) — &%,

dt dt
d | -2 ) AA . [tAA
:a W Z sm(t <AN+T>>SIH<T>
(4,41,32)) €T
-2 AA AA . [tAA
NGRS [(A“T) o (e 57) ) ()
(7/7]17]2))67;
AA AA tAA
* TSI“( (AN+T>> <T> !
and hence,
sup dA@ (t)'
—Ady
te[-A,A] | At
< sup 4 Z (AN + %) cos < (AN + %)) sin (#)
tel=AA) | (4,91,32))€Ti

(s ()
o1+ 59) ()]

AA
< sup 2 max AN—l—T

te[-A,A]  (641,2))€Ti

AA|l . AA tAA
+ 5 sm( <AN+—2 >> cos <—2 )‘
< sup 2 max ‘ ‘tAA ‘ ‘ ‘t <AN AA)‘
te[—A,A] (LJ&JQ))ET 2

< sw |t\(2uANum(z +HAAHOO(Z)HAAHOO(Z

< |A] (20N loo iy + 1A Al ) ) 1Al e

74



MONOTONE MATRIX ESTIMATION VIA ROBUST DECONVOLUTION

Let A() ‘A! (2||AN||OO 6) T I1AA]| oo, ) )||AAHoo (i)» the upper bound in the last line. Then
it follows from the continuity of A ~(t) that

o N N A
sup ‘A@N(t) < sup A@N(t)‘ +AOZ
te[—A,A] teTn N

Therefore, if ‘A@ N(t)‘ < s for all t € Ty, the supremum over the entire domain [—A, A] is

bounded above up to an additional term as Sup,¢[_s 4 ‘A@ N(t)‘ <s-+ A(l) . An application of
the union bound on the contraposition of the previous statement yields

P ( sup  |dn,i(t) — dh(t)] > s>
te[—A,A]

A

<P < sup [ i(t) — Oy, (t)] > 82>
[—AA]

<P bra(t) — B3y a(t)] > 52 — AO D
teTN ’ N

<D P <|‘i’N,z‘(t) = ()] > 5° - A(i)%>

teTn
2 2 2
| 7] 2 (')A L ”AAHoo(z')
<2 exp| —————(s-AY— - ———~
t; 2t2\\AA|]é7(i) N 2
2 2 2
7] 2 (')A A HAA”oo(z‘)
< 2N —_— -AY =
= TanzfaaE o\ N 2

We can simplify the last line by defining

: AAANZ ) A2 AA] oo,
(i) oA A o0, (i)
|aR4|_ = a5+ — O I(N 4 2)[AA e+ AN 0]
because A = [A| (2 AN, + A AlLso ) ) 1A Al i) m

Lemma 41 For any i € [m), QASN,Z- is uniformly close to ¢ with high probability. Specifically, for
1 , 1
* and sy > HAE\%A °,
o) ’ o)

any A > 0, any N1, Ny € N and for any s; > HA;&?A

P (te[squ ‘¢Nz ¢N(t)| > 81+ 32> < 2Njexp <—@ (S% - HA;X)AHOOY)
+ 2N3 exp <_$j|ﬁql) <S§ - HA%)QAHOO>2> ;

75



MONOTONE MATRIX ESTIMATION VIA ROBUST DECONVOLUTION

where

HA}‘&I’?AHOO - % [\A\HANH;@ + 203} and

_ A?[| AA| o 1)

AW : [(N2 + 2) [ AA oo, +4HANHoo,<z'>}-

e

Proof If sup,c_p o) [ (1) — ¢n(t)| < s1 and supye(_ ) [oni(t) — div,(8)] < s2, then
SUPye[—A,A] |on,i(t) — N (t)| < s1+ s2 by triangle inequality. Therefore,

P ( sup ‘QASNZ(t) —on(t)| > 51+ 82) <P <tesup |<;A5}kvl(t) —on(t)| > 81)

te[—A,A] [(—A,A]

+P <tesup |<;A5N2(t) - QAS}kVZ(tﬂ > 32> .

[_AvA]

Applying Lemma 38 and 40 concludes the proof. |

L4. Bias from F to F

We show that the CDF estimated by the modified kernel estimator is uniformly close to that esti-
mated by the traditional kernel estimator. For simplicity of the lemma statement, we introduce a
conditioning event indexed by ¢ € [m] as

EW-E{ sup [ alt) — én ()] §3¢}.
tel— £, 5

We will show this event is a high probability event later in appendix 1.6.

Lemma 42 (Bias is small) The expectation of F is close to the expectation of F. Specifically, for
any i € [m), conditioned on the event Ey ;,

gl [F000] -5 [0 < Mol B) e

oN (t) — On. (75)‘ + P) .

=

1
Recall that the kernel bandwidth parameter h = (4) 5 (log |B;|) 7.
Proof [Proof of Lemma 42] We want to show that

sup
z€[D1,D2]

E [FU) (z) — F<i>(z)] (

is small. Here, expectation is taken with respect to data generation process, which can subdivided to
the generation of {Z(i, j) }jep, and {N(i', j1) — N (@', j2) }( e7;» which are independent from
each other (see the construction of the set 7).

i',41.52)
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o[ ) ()

zAD2 1 O w—Z(i) oK (t) bK(t)
=k MBI 2~ on S - dt d
/1 | a;&- o [¢N7i(%) NS ] R

zADao e8]  w—Z(i] ¢ (1)_ QAS ,i(i)—i_p
_E in s TG [N i }dtdw . (86)
( )

Noting that the support of ¢ is contained in [—1, 1] and that the integrand is a bounded con-
tinuous function, we exchange the order of integrals.

N2 - Ztia) i
Eq. = t
¢.(86) /D hIBIZ%/ o)

2ADs 0z ¢N(£)_ éN,i(L)"‘P
- @Zﬁ/ﬂ*ﬂwi[f ]
D1 il jeg, 7T |/ on(5) [¢N7i(ﬁ)+

2NADo 1 1 /00 s, w—Z(4,5) (bN(%) -
_ DD B P 9N
/D1 BB £ 2 ) o (t) (

2ADa 1
_ /D %

Recall that QAﬁN,i estimates ¢ using data other than those from the i-th row, and hence, Z (3, j)
is independent of ngb N E [ei%Z (0.d )] is the moment generating function of Z (i, j) evaluated at %
Since Z = A + N is the independent sum of A ~ F() and N, the moment generating function of
Z is equal to the product of those, i.e.,

E [ei%Z(i’j)} = <Z5Z(z',j) <%> = ¢F(i) <%> <Z5N <%> .

cHER [ei%Z(i,j)] o ()

(87)
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Therefore,
Eq.(87)
2AD; - oN(F) — [AN,i(%) + p}
= /D1 h‘B ‘ jgl; 277/ thqu(Z) >¢N( >¢K( ) (L) [éNﬂ(%) +p} dt dw
2ADa - oN () — [ANJ-(%) + p]
:/[)1 h|B; ‘g%; 271'/ th(bX(Z) >¢K(t) @N,i(%)—l—p dt dw
In short,

supE [F(i)(z) - F(i)(z)} ‘

z€R
2AD2 1 [ .. " ¢N(%)—[$N7i(%)+ﬂ]
< = —it+ ol = _
<), w1 25 Lo (Rt o

2R J D, on,i(F) +

_ o0 On(F) — [dni(E) +p
i L A

Dy — Dy [ t ¢N(%) B :(ﬁN’i(%)—’_p}
< W/—oo ¢X(z)<E>H¢K(t)‘ (ZEN,Z(%) +p dt

D2 _ D1 1 (bN( ) |: (%) }

. Kma:(: A d 88
= 2mh /_1 (%) +p t w
< Kinas (D2 — D1) max [ ] ®9)
= Th te[-1,1] ¢N,z’(%) '

Eq. (88) follows from our assumption that the support of ¢ is contained within [—1, 1] and that
there exists Kynar = maxye(—11] |9 (t)] < oc.
To further simplify the upper bound in Eq. (89), we remark that

V) = [Pt o] () = dmalh) s
Oni(F) +p ¢N(%)—[¢N(%) ox, (%)_p]

From the supersmooth assumption on the noise, for any ¢ € [—1, 1],

' 1 t|? 1 1
) > = —~ = —— _ 4B .
o <h> _Bexp< v'h‘ ) Bexp( 1t 1og|81|>

!B =i, (90)
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The kernel bandwidth parameter is chosen as h = (4+) 5 (log |B¢|)_%.

The ridge parameter p = |BZ-|_2_74 and ‘(;5 N(E) = b N(%)‘ is sufficiently small when conditioned

on Ey; (see Appendix 1.6 for the definition of the event £ ;). Since ‘%‘ < 20| given that

1
¢ 7 t
Ly —ona(L) - t\ . [t
max ¢N(hA) (éN’Z(h) P <2 max |¢n <—> — ON,i <—> —P‘
te[—1,1] oni(F) +p te[—1,1] h h
t - t
<2 -] - | = 2
<2 o () = (5) |+
=2 malxl ‘(]5]\[ (t) — (5]\771' (t)‘ + 2/)
tel—5,3]
Plugging in this expression to Eq. (89) concludes the proof. |

1.5. Concentration of F

Lemma 43 For each i € [m), the kernel smoothed ECDF FO defined as in Eq. (50) uniformly
concentrates to its expectation, i.e., ¥z € [Dy, Da),

P (‘F(i)(z) —-E [F(i)(z)} ‘ > t) < 2exp <%t2> .
4 108 [Di

Proof [Proof of Lemma 43] Recall that the kernel smoothed ECDF F@) eyaluated at z is a function
of n; independent random variables {Z(i, )} ez,, i.e., when z is fixed, F(?)(z) : RIBl — R such
that

FOR) (20, 01), -, Z(yjn)] = /ZAD2 Lyg (%(”)) dw,

Di M iR,
where L(z) = = e‘i”%dt. We can show that F'()(z) considered as a function of mea-

surements {Z (i, j1), ..., Z(i, jn, )} satisfies the bounded difference condition (see Eq. (102)) as in
the proof of Lemma 30.

We take a similar approach as in the proof of Lemma 30. Let (" = ((1,...,(,) and G =
(ST J’», ..., () be two n-tuples of real numbers, which differ only at the j-th position. Then

FO)[¢" = FO()[¢]]

1 P2 -G L (W=
- — L 1)L 7 d
i, () )

2ADo L w—C; Cw—(l
1 ! <€_lth<] — et hj> 7@5 ¢ (t) dtdw

“hnln V()
1 2ADa2 L w—C; L w—k t
< / / et el | ¢Ii( ) dtdw. 91)
2whn D1 N (E) + p
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Because e~ '** is on the unit circle in the complex plane for any real numbers ¢ and z, we have

LG
it

!
w—Gj WG _ ]
e h

e—lt 7 _e—ltT

T

<le ™" |4 = 2.

Since ¢ is assumed to have compact support (see Appendix L.2) within [—1, 1], and a Fourier
transform of L' function is uniformly continuous, there exists Kpmqe = max;e(—11] |¢x ()] < oo

such that |¢x (t)| < Kynag, Vt. From the algorithm description in Section E.1, p = n~"/?* (here,
n = |B;| is the generic variable which stands for the number of samples in a row). By definition,
¢N( ) > 0, Vt, and hence, ng( )+p>p, Vt.

1 1
We choose the bandwidth parameter & = (4v)? (logn) # following Fan (Theorems 56, 57).
Plugging these expresions into Eq. (91) leads to

1

B Z/\D2 1
Eq.91) < 28" (log) / / K e P dtdw
27 (47) ﬁ n

Kmax 1 3 zAD2
< &/ (1= (1)) dw
7 (4v) 7 n17/24 J,
9K maz (Dy — Dy) (logn)¥
7 (47)F nl7/24

2C4 (log n)%
< ZZANVTe )
nl7/2a

for any z € [Dy, D).

The last line follows from the definition of C; and the fact that B > 1 in our model.
Applying McDiarmid’s inequality (Lemma 55), we can conclude that for any z € [D;, Ds],

_5/12
) < 2exp S 5 t2].
2C2 (logn)?
This argument holds for every i € [m], with replacing generic variable n with corresponding |5;].
|

P(|FO@IC") - B FO(2)[c")| 2

Lemma 44 (Variance is uniformly small) For each i € [m], the kernel smoothed ECDF F)
defined as in Eq. (50) uniformly concentrates to its expectation i.e., for any nonnegative integer N

and for any t > A()(Dile (we define A() := Lmez_ |B; ’24 ( )13)
7r(4'7)

P ( sup  |FO(2) —E [F(i)(z)] ‘ > t>
z€[D1,D2]

112.15/12 () B 2
N exp LQG_M> |
202 (log | Bi) N

where 3,7 > 0 are smoothness parameters for the noise, and Ko, = maxc_1 1) |k (t)].
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Proof [Proof of Lemma 44] First, we discretize the interval interval [Dy, D] by constructing a
finite e-net. For any N > 1, define the set

2k —
2N

TN == {szn+ (D2_Dl) VkE[N]}
Then for any N > 0, Ty C [D1, D] and it forms a %—net with |Ty| = N, i.e., for any

% € [Dy, Dy], there exists k € [N] such that |z — 221 (Dy — Dy)| < %‘
We can observe that

» 1 < (22— Z(i,7)
() | A S
11 -
< =
SN
_ / it ¢Kt(t) dt
2th || Jeoo Ona(£)+r |
R L/ { R P
- 2mwh haa (L
00 oni () +p
R Rl TR0 dt
T 2mh J_ P
1 1
< ﬁ leam |Bi|24 dt
SM/ Ko |Bi % dt b= (47)¥ (log |Bi))
27 (4v)8 J-
Kmaw EYi B
< Bmar 515 (log|Bi))
™ (4v)?

Let A(® denote the upper bound in the last line. Since this upper bound is universal for all realization
[f(i)] H < A too. Then Hf(i) —E [f’(i)} H < 2A and it follows from the
o

definition of F'(®) (see Eq. (50)) that

of samples,

AW (Dy — Dy)

sup N

z€[D1,D2]

FOG) - R [F(i)(z)] ‘ < Zselgp

FO) —E [F@)(z)] ‘ +

Therefore, if ‘F @) -E [F @) (z)} ‘ < ¢ for all z € 7Ty, the supremum over the whole domain is
bounded above up to an additional term as

AW (Dy — Dy)
—

sup  |FO(z)—E [F(i)(z)} ‘ <e+

z€[D1,D2]
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An application of the union bound on the contraposition of the previous statement yields

P sup
ZG[Dl,Dz}

<P <sup ‘F(i)(z) —-E [F(’)(z)” >t —

FO) —E [F(i)(z)] ‘ > t)

z€TN

<3P <‘F(i)(z) ~E[FO@)]| 20— %)

2€TN
. 2
|5 <t _AOD, - D1>>

< 2N exp N
2C7 (log |Bi])

[N

I.6. Conditioning Events

For analysis, we define some conditioning events.

= {]’T\ 5@mnp}
Br = {71 < mnp ),
2L
E{‘AZJI Z]2 ‘_ \C/Ai \/[(1+W)7 v(i7j17j2)€T}v
Ean = {‘N i,j1) — N (i, j2)| < 4o\/log(4mnp), V(i, j1, j2) € T},

Eyi= { sup  |on,i(t) — dn(t)] < sd)}.

tE[ h’h}

1
Here, cagq = Sﬁ ( Vel /2 + ECQJ”/i) and sy = s1 + so where 51 = _ 8ollog|Bi))? log(4mnp)

N(en V(e aypF  (mnp)i
1
_ 2(105‘3 ‘)E CAA 20+\/2
and s (47)% [r-l- r(l—l— 4/ )]

We analyze probabilities of these conditioning events, which will be used in the proof of Lemma
25 in the next section. We may assume m,n > 1 so that mp > 8In2 and np > 48 > 32In2.
These assumptions are arbitrary and can be removed; the only purpose of these assumptions are to
simplify the following probabilistic bounds.
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1. Ej: P(ES) is small. Since mp > 8In2, exp (—%) < % By Lemma 32,

]P)(ELCI) §P<|J| < n [1 —eXp (_%)]>

2
o (2L
< exp < — %) (92)

2.Er:P (E% |EJ) is small. Conditioned on Ey, |J| > %n and |.J|p > =F. Therefore,

For any ¢ € [m] Lemma 33 asserts that

_ _Jp 7|p /Jlp
m |1 —exp AT Jip
P (E7|Es) <P \72!<< | 2< 8>]—1>{2 2L ZWEJ
ofi-oo(-42)
<exp| — 3
[J[>3n

< exp ( - 1—77;) (93)

3. Er: P(ES) is small. Lemma 34 ensure that
P(EF) < exp <—@) . 94)

4. Ena: P (ER 4|Ey) is small. Conditioned on Ej, |.J| > %. Hence,

Ly —— 4 4LQ* (%)

|J|p

212 \/ 2 \/ 2 e eC2
< —— +8Ly/m + + +

/np VT Cimp Comp \/Clmp Comp
_ 2L\/§+ CAA

Jnp o Jmp
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Then f24 4 2L‘[( 1+ ¥np) — [L ﬁ +4LQ* (%)} > 2L . Note that Q* (%2) > 0 and

V/mp V1P
hence, by Lemma 35,

2
P(EAalEs) < nexp _n <%> Fnexp [ - <2L\/§>>

8L?

§nexp< %> —i—nexp( %ﬁni> (95)

We used the fact J C [n] implies |.J| < n and |.J| > % when conditioned on £ and that p < 1.

5. Ean: ]P’( ¢Z‘E7’7EAA7EAN> is small. Conditioned on E7, |T| > |Ti| > %73, while ET

ensures |T| < mnp. Recall that Lemma 36 ascertains ||AN || ;) does not exceed 40/log 4|T |
with high probability as

P (AN, > 47/10g 4]T]) < 4!T!

If we combine this probabilistic bound with the conditioning events, then the following upper bound
can be achieved:

P (BB, Br) < P (IAN|o ) > 40/ Iog 471 | Er;, B )

1
<
~ AT

< 128 '
mnp

E7—Z7E7-

(96)

6. Byt P (Egm.\ETi, Eaa, Ea N) is small. Conditioned on E7-, Ea4, Ean,

mnp
> =2
I7:l = 512
CAA 2L\/_
1AA] oo, \/_ b (1+ ¥/np)
AN ||,y < 4o+/log(dmnp).
Now the length of our interval A = + = (bi‘f” )%
1
If mnp > 1 so that log(4mnp)(log |B; |)% > ( )B , then

i

1[1 2 3202 (log |B;|)
== [ﬁHANH;@ +poB| € S

< log(4mnp).
M h Ny (47)%
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1
Let Ny = ,/mnp, and s; = — 8ollog |B; i) 10g(4mflp).
(4v)B (mnp)4

e (121 - o] )

< 2 /mnpexp 1024

= exp ( M log?(4mnp) + log(4mnp)>
(475

Similarly, (assume Ny > 2)

(i) Ny +2 9 2
180, = T 184 o + A Al o 1AV
2 2
log |B;|)? | caa 202
Bl [oa 202y
()i Lvme o vm
+ — 80 (log |5, D% cad 2L\/_(l + /np) | /1og(4mnp)
UL AT |
Let
-1
CAA 2L\/_
Ny = 80+/log(4mnp) (1+ Ynp)
NN
< ——— /mnpy/log(4dmnp)
- caa+t 2L\/_ eldmnp),
and

(log]B\)% caa | 2LV2
S [+ o)
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Then,

2o (g (- s

73] <1og|8|>% can | 2LV !
SEROP\ ONAAR T a)s v v (HH])

 (log |Bi]) caa  2LV2 4/ ’
< 2Ny exp | —2|T;] (47)% [\/m—p+ N (1-1-\/_17)] )

2 2
< 2N, exp _mnp (log |Bi|)? \‘;Ai 25[<1+W)])

50 4
2
7 [CAA\/E + 2LV 2m]
256(4) 7

J@
m‘w ~—

v

. (_ (log |Bi))

+1(lo mnp + log log(4mn )>+lo _ 160
5 g mnp g 10g p gCAA+2L\/§

All in all,

P (ES,;|E7;, Eaa, Ean) 97)
4
log |B;|)?
< exp < M log?(4mnp) + log(4mnp)
(47)7

+exp < - M [CAA\/E + 2L\/%}2
256(4) &

=N

(98)

1 160
+ = ( log mnp + log log(4dmn +log ——4M8M —
2( g mnyp + log log( p)) gcAA+2L\/§>
1.7. Proof of Lemma 25

Proof [Proof of Lemma 25] By the usual trick of applying triangle inequality, we have
FO(z) - FO

sup

z2€[D1,D2]
— sup |FO(:)—E [F(i)(z)_ +E [F@(z)} _E [F@(z)} +E [F@(z)} 20
z€[D1,D3] -
< sup |FO()-E [F(i)(z)_ ‘ + sup |E [F(Z)(z)} —-E [F(Z)(z)} ‘
2€[D1,D2] 2€[D1,D2]
+ sup ‘E [F(i)(z)] — FO
z€[D1,D2]
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If Sup.¢p, D] FO(z)—E [F(")(z)} ‘ < 11, SUP.¢(p,,py] | B [F(")(z)} —E [F(i)(z)} ‘ < t9, and

Susz[Dl,Dz] E |:F~‘<Z) (Z):| - F(Z)
ing union bound on the contrapositive yields

P sup
z€[D1,D2]

FO(z) - Fu)( < t1 +1ty +t3. Apply-

< t3, then sup.¢|p, p,]

FO(z) - F®

>t1+t2+t3>

<P ( sup  |[FO(z) —E [F(i)(z)] ‘ > tl) (99)
z€[D1,D2]
+P ( sup  |E [F(i)(z)} - F(i)(z)‘ > t2> (100)
z€[D1,D2]
+P < sup |E {F(i)(z)} —-E {F(i)(z)} ‘ > tg) . (101)
z€[D1,D2]

1. Eq. (99): Eq. (99) is bounded by Lemma 44. We take integer N = %\leé Then for any

(®) — — _5 1
ty > 280y AMomesDao D) | 3,175k (log | B]) 7,
m(4y) P

P sup
z€[D1,D2]

< 2N exp

FO() —E [F(i)(z)] ‘ > tl)

. 2
— |8, A (D, — Dy)
2C7 (log |Bi)?
—|B:|?/12
< |Bif¥ exp (%t? ,
8C7} (log [Bi])?
where 3,7 > 0 are smoothness parameters for the noise, and Kpax = maxye(_1,1) [¢x ()]-

2. Eq. (100): If we take ¢ty = Cs (log |B;|) ™7, the probability in Eq. (100) becomes 0 by Lemma
29.

3. Eq. (101): We further partition the probability in Eq. (101) by conditioning events defined in
Section L.6.

Eq.(101) <P < sup |E [F(i)(z)] —E [F(i)(z)] ‘ > t3

Ze[Dl,DQ}

E¢7i> +P (Egﬂ) .

The first term is bounded by Lemma 42: the conditional probability becomes 0 if we choose t3 =
2Kmacv(D2_D1) (S¢ +p)
Th :

It remains to analyze P (Egl>

P(E5,) <P (B3,

b ﬂEAAﬂEAN> —l—]P’(E%_ UECAAUECAN)

—P <E§5,i

EﬂﬂEAAﬂEAN> +P (ES UES,) +P(ESy NET).
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The first term is small (see Eq. (98)).
The second term:

P (ES U ES ) g]P’(Ef,)—HP’(E% UECAA‘EJ)
< P(ES)+P <E7-‘EJ) +P (EZA‘EJ) .

See Egs. (92), (93), (95).
The third term:

P(EAN NE7) <P(EAny NE7 NET) +P(E7)
=P (EAy|E7, N ET)P(E7; NEr) + P (ES)
P (Ein|E7r N ET) + P(ES).

IN

See Eqgs. (96) and (94).
To sum up, let ty = C3 (log |B¢|)_1/6 + W (s¢ + p). Then we can conclude that

5 1
for any i € [m], and for any ¢ > to + MDQL—DI) |Bi| 21 (log |Bi]) #,
m(4y) P

P sup |FO(z) — F(i)(z)‘ >t+ty
z€[D1,D2]
_11r.15/12
< 1B} exp < 5,

8C% (log[Bil)

[N

(t— t0)2> + Wi (1Bil)

For completeness, we note that the Remainder term, \i/m,n,p (|Bi]) (see Eq. (63)), is the sum of
upper bounds in Eq. (92) - (98), which vanishes as m,n — oc. [ |

Proof [Proof of Corollary 26] Conditioned on event F, ,, (;), it holds for all i € [m] that [B;| > =
Similarly, |B;| < 2np for all i € [m], when conditioned on event E/ (i)
i € [m], and any ¢t > T,

P sup
z€[D1,D2]

< (2np)s exp <

Therefore, for any

FO () - Fw(z)( >t

Erow,(i) ) E;“ow,(i) )

. (%)5/12

(- t3)2> T (%) .
8C? (log(2np))®

Appendix J. Known Facts about Distribution
J.1. Basic Definitions

In this section, we briefly restate some basic facts and functions related to a random variable. We
let (2, F, P) denote our probability space.
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Definition 45 (Random variable) A random variable X : Q2 — E is a measurable function from
a set of possible outcomes ) to a measurable space . When E = R, we call X a real-valued
random variable.

For a real-valued random variable X, we can define its distribution function, whose evaluation
at x is the probability that X will take a value less than or equal to x.

Definition 46 (Cumulative distribution function (CDF)) The cumulative distribution function of
a real-valued random variable X is defined as a function Fx : R — [0, 1] such that

Fx(z)=P(X <uz).

Every cumulative distribution function F’ is non-decreasing, right-continuous, lim,_, o, F'(z) =
0, and lim,_,, F'(x) = 1. Conversely, every function with these four properties is a CDF, i.e., a
random variable can be defined so that the function is the CDF of that random variable.

We can define a pseudo-inverse of the distribution function, which returns a threshold value x
below which random draws from the given CDF would fall with given input probability p.

Definition 47 (Quantile function) Given a distribution function F' : R — [0, 1], the associated
quantile function @Q : (0,1) — R is defined as

Q(p) =inf{r e R:p < F(x)}.
If the function F is continuous and strictly monotone increasing, then the infimum can be replaced
by the minimum and Q = F~1.

When F is absolutely continuous, then there exists a Lebesgue-integrable function f(z) such
that

b
F(b)—F(a):IP’(a<X§b):/ f(z)dz,

for all real numbers a and b. The function f is the (Radon-Nikodym) derivative of F', and it is called
the probability density function of distribution of X.

Note that the CDF can be expressed as the expectation of an indicator function, Fx(z) =
E [I{X < z}]. There is an alternative way to describe a random variable.

Definition 48 (Characteristic function) The characteristic function ¢x : R — C for a real-
valued random variable is defined as the expected value of €, where i is the imaginary unit, and
t € R is the argument of the characteristic function:

¢X (t) . o) [eitX]
= / e dFx ()
R

:/emfx(:n)dm
R

1 .
_ / cHtQx (p) dp.
0

If random variable X has a probability density function fx, then the characteristic function is
the Fourier transform with sign reversal in the complex exponential (note that the constant differs
from the usual convention for the Fourier transform).
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J.2. Empirical CDF and Empirical Characteristic Function

Given X1,...,X, (n is a natural number) be real-valued independent and identically distributed
random variables with common cumulative distribution function F'. We let F;, denote the empirical
distribution function associated with { X7, ..., X, }, which is defined as

1 n
Fp(z) = ;Z]I{Xi <z}, ,VzeR.
=1

F,,(z) is the average number of random variables among { X1, ..., X, } which take value smaller
than x.

It is knwon that the empirical distribution function converges to the distribution function from
which the samples are drawn. The following concentration results known as the Dvoretzky-Kiefer-
Wolfowitz (DKW) inequality quantifies the rate of convergence of F;, to F' with respect to the
uniform norm as n tends to infinity. It is named after Aryeh Dvoretzky, Jack Kiefer, and Jacob
Wolfowitz, who proved the inequality in 1956 with an unspecified multiplicative constant C'. Later
in 1990, Pascal Massart proved the inequality with the sharp constant C' = 2. This result strengthens
the Glivenko-Cantelli theorem.

Lemma 49 (Dvoretzky-Kiefer-Wolfowitz) Given a natural number n, let X1, ..., X, be real-
valued independent and identically distributed random variables with common cumulative distribu-
tion function F. Then for every € > 0,

P (Sup |Fy(x) — F(z)| > €> < 2e7 2’

z€R

Appendix K. Sub-Gaussian Random Variable and the Chernoff Bound

First of all, we recall the Markov’s inequality.

Theorem 50 (Markov’s inequality) Given a nonnegative random variable X, for all t > 0,

<E[X
P(X >1)= t[ l
Proof Forallt > 0, tI{X >t} < XI{X >t} < X. Taking expectation, tP (X >t) < E[X],
and hence, P (X > t) %[X]. [ |

Now let X be a real-valued random variable. Applying Markov’s inequality with an exponential
function, it follows that for A > 0,

E [e)\X]
At

P(th):P(&XzeAt) <—

Since this inequality holds for all values of A > 0, one may optimize A to obtain the tightest tail
bound.
Next, we define a class of random variables, whose tail behavior is easy to control.
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Definition 51 (Sub-Gaussian random variable) A random variable X with mean y = E[X] is
called sub-Gaussian if there is a positive constant o such that
2. 2

E [eA(X_“)} < e%, VA eR.

We will call o the sub-Gaussian parameter of X.

An application of the Chernoff bound leads to

P(X—uzt)gi&lf

where ) is optimized over the interval [0, A*] in which the moment generating function of X exists.
It is possible to achieve the same upper bound for P (X — p < —t) = P (—(X — p) > t). We can
conclude that a sub-Gaussian random variable satisfies that for all ¢t € R,

2
P(|X — | >t) < 2¢ 37,

The class of sub-Gaussian random variables subsumes Gaussian random variable and any bounded
random variables.

Hoeffding-type Inequalities Now, we present several forms of concentration inequalities for the
sum of independent random variables. Essentially they are all Chernoff bounds, tailored to specific
random variable assumptions. We present three lemmas in the increasing order of generality, starting
from the bound for a sum of independent Bernoulli trials.

Lemma 52 (Binomial Chernoff bound) Ler X = Z?:l X, where X; = 1 with probability p;,
and X; = 0 with probability 1 — p;, and X;’s are independent. Let i = E [X] =" | p;. Then

1. Uppertail: P(X > (14 0)u) < exp (—f—j(w) forall § > 0.

2. Lowertail: P(X < (1 —0)u) <exp <—§,u) forall 0 <9 < 1.

Hoeffding derived a more general result for bounded random variables, which is known as
(Azuma-) Hoeffding’s inequality.

Lemma 53 (Hoeffding’s inequality for bounded ranom variables) Let Xi,...,X,, be n inde-
pendent random variables such that almost surely X; € [a;,b;],Vi. Let X = > | X;, then for any
t >0,

2
P(X—E[X]Zt)ﬁexp<_m>’

and

2
P(X —E[X] < ) < exp (-%) .

Although Hoeffding’s inequality is often presented only for the special case of bounded random
variables, the same idea applies to sub-Gaussian random variables.
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Lemma 54 (Hoeffding’s inequality for sub-Gaussian ranom variables) Letr X1,..., X, benin-
dependent random variables such that X; has mean u; and sub-Gaussian parameter ;. Let
X =>"", X, then for any t > 0,

2
P(X —E[X] > t) < exp (-2212?)

and

2

P(X —E[X] < —t) <exp <—7> .
2350 07
Bounded Difference Condition While the previous inequalities showed concentration for the
sum of independent random variables whose tail probability behavior is well-controlled, McDi-
armid’s inequality provides concentration results for general class of functions which depend on
independent random variables, but in a limited way, satisfying the so-called “bounded difference”
condition.

Lemma 55 (McDiarmid’s inequality) Let Xi,..., X, be independent random variables such
that for each i € [n], X; € X. Let & : [[y Xi — R be a function of (X1,...,X,) that sat-
isfies Vi,Yx1, ...,z V2, € X,

!5(3:1,...,:@,...,:%)—f(xl,...,mg,...,mn)‘ < g¢. (102)

Then for all t > 0,

—2t?
Ple-El >0 <o (S )
> €
By considering the negation of the function —¢ in lieu of &, one can obtain the same tail bound for
the opposite direction.

Appendix L. Some Known Results from Deconvolution Literature

In this section, we introduce some known results for estimating the unknown density fx of random
variable X by deconvolution techniques. Suppose that Z = X + N is a measurement of X with
additive noise NV and we have n i.i.d. observations Z1,...,Z,. Fan (1991) reported that we can
achieve an asymptotically consistent density estimate when the noise density is known and fx sat-
isfies certain smoothness conditions. Later, Delaigle et al. (2008) showed that consistent estimation
is possible even when the noise distribution is unknown, with aid of repeated measurements.

Their estimators and proof techniques rely on the kernel smoothing method. Here we only
present the abbreviated version of the concepts, the estimator, and the results to the minimum
amount we need. We would refer interested readers to relevant references for more detail; for
example, Carroll and Hall (1988); Fan (1991); Delaigle et al. (2008).

L.1. Deconvolution Kernel Density Estimator

We provide a summary for deconvolution kernel density estimator, which we already discussed in
detail to provide intuition for our algorithm in Appendix D.1. For more detailed explanations to see
how and why it works, please see that discussion.
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Our goal is to recover distribution of random variable X, but we observe samples of Z = X + N
instead of X. We assume we know the distribution of N. Due to independence, we know that
dz(t) = ox(t)pn(t) forall t € R, where ¢z, ¢x, ¢ denote the characteristic function of random
variable Z, X and N respectively.

Let F denote Fourier transformation operator and F~! denote the inverse Fourier transforma-
tion operator. By applying these operators, we obtain

where

[ _ox(0) } . 1 / o\ OK(t)
szl{i , le., L(z)=— [ exp(—itz dt, zeR.
on(T) &= 5r | P 0

A more detailed description of the derivation can be found in Appendix D.1.

Indeed, this is known as deconvolution kernel density estimator in literature. We shall adopt
prior results of Fan (1991) on its consistency to establish our results. We refer interested readers to
Wand and Jones (1994) for more details and properties of kernel density estimation.

L.2. Consistency Results for Deconvolution
L.2.1. ASSUMPTIONS

Assumptions on the signal density For constants m, B > 0, and @ € [0, 1), Fan defined a class
of densities as
Coa = {fx(@) : |f§ (@) = fT (@ + 0)| < Bo"). (104)

Intuitively, that implies that fx is slowly varying, i.e., the density is sufficiently “smooth’ so that
there is a hope to reconstruct it from a finite number of samples by interpolating the empirical
density.

Assumptions on the noise Fan (1991) showed that the difficulty of deconvolution depends on
the smoothness of the noise distribution and that of the density to be estimated. Here, the term
‘smoothness’ means the order of the characteristic function as ¢ — oo. In short, the deconvolution
becomes more difficult as it is corrupted by smoother additive noise. Following Fan (1991), we call
the distribution of a random variable NV smooth of order § if its characteristic function ¢ satisfies

B+ t)) P <l|on(t)| < B +t)77, (105)

for some positive constants 5 > 0 and B > 0, and for all real ¢. This class of densities with
polynomially decaying tails in the Fourier domain is called ordinary-smooth. Some examples of
this ordinary-smooth error distributions include symmetric Gamma and double exponential distri-
butions.

There is another interesting class of error distributions, whose tails decay much faster in the
Fourier domain. We will call the distribution of a random variable N super-smooth of order [ if its
characteristic function ¢ satisfies

B~ exp (—1t) < o ()] < Bexp (—ltl?). (106)

for some positive constants 3, > 0 and B > 1, and for all real t. Normal, mixture normal, Cauchy
distributions belong to the super-smooth class.
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Assumptions on the Kernel We summarize some required properties of kernel used in the density
estimator and the smoothness of noise before stating the results of Fan (1991).

(K1) ¢ (t) is a symmetric function, which has bounded integrable derivatives up to order m + 2
on R;

(K2) ¢r(t) =140 (|t|™)ast — 0;
(K3) ¢x(t) =0, for [t| > 1.
(N1) ¢n(t) is supersmooth of order /3; see Eq. (106)

Note that ¢ (t) # 0, Vt is subsumed in (N1).

L.2.2. SOME DECONVOLUTION RESULTS

The following theorem provides the consistency and the convergence rate of the kernel density
estimator with known noise density (Eq (103)) when the error distribution is supersmooth. We use
subscript n in fn to emphasize that f x 1s an estimator for fx based on n samples.

Theorem 56 (Fan (1991), Theorem 1) Let the kernel satisfies (K1), (K2), (K3), and the distribu-
1
tion of error satisfies (N1). With the choice of kernel bandwidth parameter h,, = (47) (logn) 5,
we have )
supsup | (o) = )| = 0 (o207
fecm’ayB z€R

There is another result (which is actually a corollary of the above theorem) in the same paper,
which serves better for our purpose. With f;,, it is possible to define an estimator of the CDF, F', of
the random variable X by integration:

xT

Ey(z) = fn(2)dz. (107)

— M,

M, is a sequence of constants, which tends to —oo as n — oo. The following theorem provides a
convergence rate, which is better than naively integrating that bound from Theorem 56.

Theorem 57 (Fan (1991), Theorem 3) Let the same assumptions with Theorem 56 except for that
m is replaced with m + 1 in (K1) and (K2). Then by choosing the same bandwidth parameter

hy = (47) (logn)~ 5 and M,, = nt, we have

PR [(F w(@) = F (:U))z] = O ((tog ) 2o %)

m,a,B

where Cl o = { f € Conapp - F(—n) < D (logm) ~"+2/7 1,

In the original paper, M,, = n3 is used. However, the theorem still remains valid with the modifi-
catio to M, = n% (see Fan (1991), the proof of Theorem 3).
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