Networ k scheduling and message-passing

Devavrat Shah

Abstract Algorithms are operational building-blocks of a network. An important
class of network algorithms deal with the scheduling of common resources among
various entities such as packets or flows. In ageneric setup, such algorithms operate
under stringent hardware, time, power or energy constraints. Therefore, algorithms
have to be extremely simple, lightweight in data-structure and distributed. There-
fore, a network algorithm designer is usually faced with the task of resolving an
acute tension between performance and implementability of the algorithm. In this
chapter, we survey recent results on novel design and analysis methods for sim-
ple, distributed aka message-passing scheduling algorithms. We describe how the
asymptotic analysis methods like fluid model and heavy traffic naturally come to-
gether with algorithm design methods such as randomization and belief-propagation
(message-passing heuristic) in the context of network scheduling.

1 Introduction

We consider a queuing network in which there are constraints on which queues may
be served simultaneously. Specifically, consider a collection of queues operating in
discrete time. In each timeslot, queues are offered service according to a service
schedule chosen from a specified set. For example, in athree-queue system, the set
of allowed schedules might consist of “ Serve 3 units of work each from queues A &
B” and “ Serve 1 unit of work each from queues A & C, and 2 units from queue B”.
New work may arrive in each timeslot; let each queue have a dedicated exogenous
arrival process, with specified mean arrival rates. Once the work is served, it leaves
the network.

This general model has been used to describe a wireless network in which ra-
dio interference limits the amount of service that can be given to each host. It has

Devavrat Shah
Massachusetts Institute of Technology, Cambridge MA 02139, e-mail: devavrat@mit.edu



2 Devavrat Shah

been used to describe an input-queued switch, the device at the heart of high-end In-
ternet routers, whose underlying silicon architecture imposes constraints on which
traffic streams can be transmitted simultaneously. It has been used to describe the
overall operation of congestion control in the Internet, whereby TCP assigns trans-
mission rates to flows, subject to network constraints about the capacity on shared
links. It can even describe road junctions, where the schedule of which lanes can
move is controlled by traffic lights. Our general model is described in more detail
in Section 2. We will use examples of switch scheduling and wireless scheduling
throughout. We select these two examples, because (1) switch is the simplest non-
trivial example of general scheduling problem and of great practical importance, (2)
wireless network with scheduling constraints characterized by independent set on
interference graph encapsulates a large class of scheduling problems.

We give the name scheduling algorithm to the procedure whereby a schedule
is chosen for each timeslot. In such a setup, the basic question is about the char-
acterization of an optimal scheduling algorithm. But before that, we need to un-
derstand the notion of optimality. In order to define optimality, we consider two
important network performance metrics: throughput and delay or backlog (queue-
size) on average®. Roughly speaking, throughput optimality correspondsto utilizing
the network capacity to the fullest. Equivalently, an algorithm is called throughput
optimal if whenever the network is underloaded the backlog in the network remains
finite. The delay optimality of an algorithm is usually defined as the minimization
of various norms of delay or queue-size. We will focus on minimization of the net
queue-size in this chapter.

First, wewill addressthe question of characterizing throughput and delay (queue-
size) optimal agorithm. It should be noted that answering this question is quite
non-trivial. The primary reason is that the algorithm has to be online (i.e. use only
network-state information like queue-size or age of packet). However, the perfor-
mance metrics like throughput and average queue-size are determined by the be-
havior of the network system over the entire time horizon (in principle infinite)
it is operating. We will start with the description of the popular maximum-weight
scheduling, called MW, introduced by Tassiulas and Ephremides [31]. It assigns a
weight to each schedule, from summing the lengths of the queuesthat schedul e pro-
poses to serve, and choses the schedule with the largest weight. It was shown that
the MW algorithm is throughput optimal for the general network model considered
in this chapter (see Section 2). The MW algorithm is also known to induce reason-
able (polynomial in network size) average queue-size for this model. But, it is not
necessarily optimal in terms of average queue-size.

To understand the optimal algorithm both in terms of throughput and average
queue-size, Keslassy and McKeown [14] considered a class of MW agorithms,
called MW-¢: for o > 0. Like MW algorithm, MW-¢: a gorithm also uses the sched-
ule with maximum weight. However, MW-¢ uses the queue-size to power o as
weight instead of plain queue-size. Clearly, the MW algorithm is MW-¢; agorithm
when o = 1. The MW-¢ algorithmis throughput optimal for al o > 0. The natural

1 Due to general result like Little's law for stable system, we will use delay and queue-size or
backlog interchangeably throughouit.
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question is: how does queue-size change with value of o? In [14], through an ex-
tensive empirical study in the context of input-queued switch, it was found that the
average queue-size decreases monotonically as oo — 0. Thisled themto conjecture
that MW-0" is optimal in the class of MW-¢ algorithms, o > 0. In Section 3, we
will provide partial justification to this claim using the critical fluid model of the net-
work. Specifically, an algorithm is called queue-size optimal if it induces minimal
queue-sizeinitscritical fluid model. Thejustification provided in this chapter shows
that the MW-0* algorithm (i.e. limit of MW-¢; algorithmas oo — 0™) is queue-size
optimal among al the scheduling agorithm, not just in the class of MW-¢o algo-
rithm, in this critical fluid model. This justification holds for the general network
model of this chapter, not just for input-queued switch. This result was recently
established by Shah and Wischik [26].

The characterization of MW-0" as an optimal algorithm suggests that finding
a good schedule requires solving a certain globa (network-wide) combinatorial
optimization problem every time. In order to be implementable, this necessitates
the design of simple and distributed algorithms for such combinatorial optimiza-
tion problems. In the second part of this chapter, we describe an extremely simple,
randomized message-passing scheduling algorithm that is shown to be throughput
optimal essentially for all known examples. This algorithm uses clever distributed
summation algorithm along with a simple random sampler. The agorithm will be
explained in detail through examples of switch scheduling and wireless scheduling
in Section 4.

This randomized a gorithm, though simple and throughput optimal, can induce
very large (exponentia in size of the network) average queue-size. Now, when
scheduling constraints have simple structure (e.g. matching in switches), the algo-
rithm performs very well even in terms of queue-size. However, when scheduling
constraints have complex structure (e.g. independent set in wireless network), the
agorithm induces exponentialy (in network size) large queue-size. More generaly,
impossibility of any simple (polynomial time) centralized or distributed algorithm,
that is throughput optimal and has low (polynomial size) delay, is established when
scheduling constraints are complex enough (e.g. independent set) (see recent result
by Shah, Tse and Tsitsiklis[24]).

Therefore, a pragmatic approach is to design simple, distributed algorithm that
provides terrific performance when the underlying problem structureis simple and
works as a reasonable heuristic when problem structure is hard. In the last part of
this chapter in Section 5, we describe such an algorithm design method based on
belief propagation (BP). The BP has recently emerged as avery successful heuristic
for hard combinatorial problems. We present BP based scheduling algorithm for
switches (matching) and wireless networks (independent set). These algorithms are
exact when underlying problem have certain LP relaxation tight; and work as a
reasonable heuristic otherwise.

We take note of the limitation of this chapter in that thereisalot of exciting work
donein the past decade or two on the topic of network scheduling (e.g.[2, 11, 29, 20,
27]) and it is not discussed here for natural reasons. An interested reader is strongly
encouraged to explore these results.
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2 Modd

This section describes an abstract model of the queuing network that we will con-
sider. Though the model described here corresponds to single-hop network for con-
venience, most of the analytic and algorithmic results stated here should apply for
general multi-hop network with appropriate changes. The examples of switch and
wireless scheduling, which are special cases of the model, are described in detail
and will be useful throughout the chapter.

2.1 Abstract formulation

Consider a collection of N queues. Let time be discrete, indexed by t € {0,1,...}.
Let Qn(7) bethe size of queue n at the beginning of timeslot 7, and write Q(t) for
the vector [Qn(T)]1<n<n. Let Q(0) be the prespecified vector of initial queue sizes.

In each timeslot, each queueis offered service subject to a scheduling constraint
described below. If the amount of service offered to aqueueislarger than the queue
size, then we say that the queue has idled, otherwise it does not idle. Once work is
served it leaves the network. New work may arrive in each timeslot; let each of the
N queues have a dedicated exogenous arrival process.

The scheduling constraint is described by afinite set of feasible schedules . C
RN In every timeslot aschedule 7 € . is chosen; queue n is offered an amount of
service m, in that timeslot. For example, in the case of input-queued switch, .7 is
the set of all matchings between input ports and output ports; in the case of wireless
network, . is the set of independent sets in the interference graph. For simplicity,
wewill restrict ourselvesto . suchthat . € {0,1}N; thatis, forany r € ., =1
(queue n has received unit amount of service) or 0 (queue n receives no service). We
will also assumethat . ismonotone: if & € . thenfor any o < m component-wise,
i.e.on<mforalnoce.s.

Let Sy(7) € Ry bethetota length of time up to the end of timeslot T in which
schedule 7 has been chosen, and let S;(0) = 0. Let Z,(t) be the total amount of
idling at queue n up to the end of timeslot 7, and let Z,(0) = 0. Let Ay(7) be the
total amount of work arriving to queue n up to the end of timeslot 7, and A»(0) = 0.
We will take A(-) to be arandom process. Define the arrival rate vector A by

1
2= lim ~Ao(2) M
and assumethat thislimit exists almost surely for each queue. For simplicity, we will
assume the following about the arrival process: An(7+ 1) — An(7) are independent
across T and n, identically distributed for a given n but different 7, have support on
integer values only and are bounded. A simplest example of the aboveisA(-) being
Bernoulli i. i. d. process with parameter A,.
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We will use the convention that Q(7) isthe vector of queue sizes at the beginning
of timeslot 7, and then the schedule for timeslot 7 is chosen and service happens,
and then arrivalsfor timeslot T happen. Define the cumul ative offered service vector
2(1) =[Zn(1)] 88 Z(T) = Y c.v TS (7). Then,

Qn(7) = Qn(0) +An(T) — Zn(7) + Zn(7) 2
Zn(7) — Zo(t — 1) = max (0, %4(7) - Zn(— 1) - Qul(r — 1)) )

2.1.1 Notation

Finally, some notation. We will reserve bold letters for vectorsin RN. Let 0 be the
vector of all 0s, and 1 bethe vector of all 1s. Let 1 betheindicator function, lyye =
1and ligse = 0. Let XAy = min(x,y) and xVy = max(x,y) and [x] * = xV 0. When x
is a vector, the maximum is taken componentwise. Use the norm |x| = max; || for
vectors x. For vectorsu and v and functions f : R — R, let

N

u-v = Z UnVn, and f(U) = [f(un)} 1<n<N
n=1 o

Let N be the set of natural numbers {1,2,...}, let Z, ={0,1,2,...}, let R be the
set of real numbers, andlet R, = {x€ R : x> 0}.

2.2 Scheduling algorithms

For our purposes, one scheduling algorithm is particularly interesting: the Maxi-
mum Weight (MW) scheduling algorithm, which works asfollows. Let Q() bethe
vector of queue sizes at the beginning of timeslot 7. Define the weight of a schedule
€ % tobe r-Q(7). The agorithm then chooses for timeslot 7 a scheduling with
the greatest weight (breaking ties arbitrarily). This algorithm can be generalized to
choose a schedule which maximizes 7-Q(t) *, where the exponent is taken compo-
nentwise for some o, > 0; call thisthe MW-¢r algorithm. In this paper, we will study
the MW-¢ algorithm in detail. More generally, one could choose a schedule & such
that

- £(Q(7)) = max p-£(Q(7)) 4

pes

for somefunction f : R, — R ; call thisthe MW-f agorithm. We will assume the
following about f.

Assumption 1 Assume f is differentiable and strictly increasing with f(0) = 0.
Assume also that for any q € Rﬂ and 7 € ., with m(q) = max,c & p-f(q),

r-f(g)=m(q) = =n-f(xq)=m(xq) foral x eR,.



6 Devavrat Shah

The MW-f agorithm is myopic, i.e. it chooses a schedule based only on the current
queue sizes and doesn’t need to try to learn traffic parameters etc. An important
reason for the popularity of the MW agorithm is that MW-f is the only class of
myopic scheduling algorithms known to have the largest possible stability region,
for alarge class of constrained scheduling problems. The MW a gorithm was first
proposed by Tassiulas and Ephremides [31]. Later, it was proposed by McKeown,
Ananthram and Walrand in the context of switches [16]. The MW-f algorithm has
been studied in detail by various researchers, including [22, 14, 1].

2.3 Input-queued switch

Here we describe input-queue switch as a specia instance of the abstract network
model. An Internet router has several input ports and output ports. A data trans-
mission cable is attached to each of these ports. Packets arrive at the input ports.
The function of the router is to work out which output port each packet should go
to, and to transfer packets to the correct output ports. This last function is called
switching. There are anumber of possible switch architectures; we will consider the
commercially popular input-queued switch architecture.

Figure Lillustrates an input-queued switch with threeinput ports and three output
ports. Packets arriving at input i destined for output j are stored at input port i, in
queue Q; j. The switch operates in discrete time. In each timeslot, the switch fabric
can transmit a number of packets from input portsto output ports, subject to the two
constraints that each input can transmit at most one packet and that each output can
receive at most one packet. In other words, at each timeslot the switch can choose
a matching from inputs to outputs. Figure 1 shows two possible matchings. In the
left hand figure, the matching allows a packet to be transmitted from input port 3 to
output port 2, but since Q3 » is empty no packet is actually transmitted. The specific
matching of inputsto outputsin each timeslot is chosen by the scheduling a gorithm.

input 1
El
=

Input = =
ports A A
input 3

= =
—_— —_
= =

outputl output2  output3

Output ports

Fig. 1 Aninput-queued switch, and two example matching of inputs to outputs.

To connect back to the abstract formulation, note that an N-port switch hasn =
N2 queues; in the context of switch, we will aways use notation of Q; j instead of
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notation of Qn so as to be clear in referencing the corresponding input and output
for aqueue. The set of all feasible schedules.” correspond to the set of all complete
matchingsin an N x N complete bipartite graph. Formally,

N N
Y—{ﬂ:—[ﬂ:ij]é{o,l}NXNiZﬂik_1,1<i<N;Z7Tkj —1,1<j<N}.
k=1 k=1

The MW (or MW-1) scheduling agorithm, therefore chooses a matching as the
schedule that is one of the possibly many solutions of the following combinatorial
optimization problem: let Q(t) = [Qjj(7)] be queue-sizes at timeslot 7, then the
schedule (1) at timeslot T solves:

N
maximize 2 mjQij(t) over mije{0,1},1<i,j <N (5)
ij=1
N N
subject to Znikzl,lgigN; anjzl,lgjgN.
k=1 k=1

The above optimization problem is the well-known Maximum Weight Match-
ing(MWM) problem. Therefore, designing MW scheduling algorithm will involve
solving this optimization problem every timeslot.

Some notes on the input-queued switch architecture. (1) We have illustrated a
switch with as many inputs as outputs. It may be that some of these do not actu-
aly carry any traffic; thus there is no loss of generality in assuming as many inputs
as outputs. (2) In the Internet, packets may have different sizes. Before the packet
reaches the switch fabric, it will be fragmented into a collection of smaller packets
(called cells) of fixed size. (3) There will typically be a block of memory at each
input port for the queues, and one packet’s worth of memory at each output port to
hold the packet asit is serialized onto the outgoing cable. Memory access speeds are
alimiting factor, and indeed the time it takes to read or write a packet from memory
iswhat determines the length of atimeslot. There are switches which perform sev-
eral matchings per timeslot—but then the timeslots need to last several times|onger,
to givetime for the extrareads and writes.

2.4 Wireless networks

Consider severa wifi networks close to each other and sharing the same frequency.
If two devicescloseto each other transmit at the same time, then thereisinterference
and the data may be lost; whereas two devices far from each other may successfully
transmit at the same time. A popular way to model this sort of interference is to
draw a graph with a node for each device and an edge between two nodes if they
caninterferewith each other; in other words atransmission fromanodeis successful



8 Devavrat Shah

only if none of its neighborsin the network graph is transmitting at the same time.
(Thisis called the independent set model for interference.)

Figure2illustrates awireless network of three nodes operating under interference
congtraints. Here, like switch packets arriving at node i and destined for node j are
stored at node i in queue Q; j. For example, the queue Q23 shown in the Figure 2
stores packet destined for node 3 arrived at node 2. The independent set constraint
on scheduling, in our example, implies that at a given timeslot at most one of the
three node can transmit. Figure 2 shows that node 3 is selected for transmission
while other two nodes remain silent; and node 3 transmits packet to node 2.

Fig. 2 A wireless network operating under interference constraint, and an example independent
set (node 3) schedule for transmission from 3 to 2.

In a general wireless network, the interference network graph is represented as
G = (V,E) with vertices corresponding to nodes, V = {1,...,N} and edges corre-
sponding to interference, that is

E={(i,j) :i and  interfere with each other}.

An implicit assumption here is that any nodei € V can transmit packets to node |
only if (i, j) € E. Wewill consider asingle-hop wireless network, that is each packet
arrives at one node, gets transmitted to one of its neighbors and then departs the
network. In such setup, if a node i transmits (to any of its neighbors), then all of
i’s neighbors must be silent. Therefore, the real constraint lies in deciding whether i
transmits or not; but not in which nodeit transmits. Therefore, for simplicity we will
ignore thefiner classification of queue-sizesas Qj; but instead consider Qi = X.; Qjj
here for the purpose of scheduling. In this setup, the set of schedules is the set of
independent setsin G. Formally,

s ={o=[o]e{0,1}N:6i+0;<1 forall (i,j) €E}.
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The MW (or MW-1) scheduling algorithm, therefore chooses an independent set as
the schedule that is one of the possibly many solutions of the following combinato-
rial optimization problem: let Q(7) = [Qi(7)] be queue-sizes at timeslot 7, then the
schedule o(7) at timeslot T solves:

N

maximize Y 6iQi(7) over o €{0,1},1<i<N, (6)
i

subjectto  oj+0j <1, forall (i,j) € E.

The above optimization problem is the well-known Maximum Weight I ndependent
Set(MWIS) problem. Therefore, designing MW scheduling algorithm will involve
solving this optimization problem every timeslot.

Some notes on the described wireless network. (1) In the multi-hop network, the
MW scheduling corresponds to solving MWIS problem with somewhat different
weights (e.g. Back-pressure algorithm [31]). Therefore, for the purpose of schedul-
ing algorithm design, the above model captures the essence. (2) The above describe
model of interference is general in the following sense. Many of the combinatorial
interference models such as 2-hop matching model (secondary interference model)
can be represented as an independent set model by representing transmission edges
as nodes; and such transformations are computationally equivalent (formally, they
are reductions). (3) We note that there are other models of interference (e.g. SINR
model) that can not be captures by hard constraints of the type of independent set
model.

3 Characterization of optimal algorithm

This section presents characterization of optimal scheduling algorithmsfirst interms
of throughput and then in terms of queue-size. The algorithms considered here are
part of the maximum weight (MW) family. Interestingly enough, as explainedin this
section, considering this class of algorithm is sufficient for the purpose of finding
throughput and queue-size optimal algorithm. This section will utilize fluid-model
technique. The contents of this section can be found in a recent paper by Shah
and Wischik [26]. We note that fluid model for MW scheduling algorithm was first
introduced in the context of switch by Dai and Prabhakar [9] and later used by
Andrewset. a. [1].

3.1 Throughput optimality

Here, we will establish that all the MW-f algorithms are throughput optimal aslong
as f satisfies Assumption 1. First, some necessary definitions.
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Admissible arrival rates. At each timeslot, a schedule & € . must be chosen. Let
© be the convex hull of .7,

@:{zaﬂn: Za,rzl,andanzoforalln}. @)
nes e

We say that an arrival rate vector A isadmissibleif A € A where
A= {/l € IRiJNr : A < o componentwise, for some o € © } (8)

Intuitively, this means that there is some combination of feasible schedules which
permits all incoming work to be served. Also define

A°:{AEA:AS Y oz, where Y o < 1and o > Oforall n}
e e

dA = A\ A°.
Say that A isstrictly admissibleif A € A°, and that A iscritical if A € dA.

Fluid model. The fluid model is essentially the first-order deterministic descrip-
tion of the network. To obtain this formally, we need to consider the fluid scal-
ing of the original system. Next, we describe a scaling procedure to obtain a se-
guence of (network) systems from the given system, indexed by r € N. Write
X"(7) = (Q"(7),A"(1),Z2"(1),S (1)), T € Z, for the rth system. Define the scaled
system ' (t) = (g (t).a' (1), 2 (t),§ (1)) fort € R by

q'(t) =Q"(rt)/r al(t) =A"(rt)/r
Z'(t) =Z'(rt)/r S(U) =S (r')/r'

after extending the domain of X'(-) to R, by linear interpolation in each interval
(T —1,7). We describe fluid model equations, which are essentially satisfied by
limiting system X" (-) asr — . We say that the processx(-) = (q(-),a(-),z(),s(-))
satisfies the fluid model for the MW-f scheduling algorithm if

at) = At 9)
q(t) = a(0) +a(t) — Y se(t)m +2(t) (10)
T

Y silt) =t (11)
nes

each s;(-) and z,(-) isincreasing (not necessarily strictly increasing) (12
all the components of x(-) are absolutely continuous (13)
foralmostall t,al n, zy(t) =0 if gn(t) >0 (14)
foramostalt,al m ., $;(t)=0 if n-f(q(t)) < mayxp-f(q(t)) (15)

pe.
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Our goal is to establish that the dynamics of x"(t), for t in afixed interval [0, T],
asr — oo satisfies the above stated fluid model equations. We make the following
necessary assumption in addition to the setup described so far: the initia size is
non-random and that it converges,

q"(0) —qo forsomeqp € R". (16)

Theorem 1 (Theorem 5.1[26]). Make assumption (16). Let FMS? be the set of all
processes x(t) over t € [0, T] which satisfy the appropriate fluid model equations,
namely

e equations (9)—(14), for any scheduling algorithm,
e equation (15) in addition if the network is running MW- f and Condition 1 holds,
e ((0) =qp inaddition, if (16) holds.

Let FMS: bethe e-fattening

FMS: = {x: sup |X(t) —y(t)| < € for somey FMS}.
te[0,T]

Thenfor any e > 0, P(X(-) € FMS:) = 1—0(R(r)), whereR(r) — 0asr — oo.

Fluid stability and throughput optimality. A fluid model is said to be stableiif there
is some draining time H € R, such that every fluid model with bounded initial
queue size |q(0)| < 1 ends up with q(t) =0 for al t > H. It is said to be weakly
stableif every fluid model with empty initial queuesq(0) = Oremainsat q(t) = 0for
al t > 0. Inlecture notes by Dai[8], Section 2.6 describes the relationship between
stability of the fluid model and stability of the original (unscaled) stochastic process.
Theorem 1 stated above suggests the spirit of the relationship. In our setup, the
weakly stable fluid model implies that the system is rate stable. That is, let D(7) =
[Dn(7)] denote the vector of cumulative number of packets that has departed from
from queuestill timeslot 7. Then, weakly stable fluid model implies

T”_To D(t) = A, with probability 1.

Here, we will seek weak stability only and we will call an algorithm throughput
optimal if it isweakly stable. However, it should be noted that under our assumptions
onarrival process, the strong stability holds (and can be established either using the
fluid model or discrete Foster-Lyapunov criteria). We will obtain weak stability for
networks by considering the Lyapunov function

Lia) = Fla)1 where F()= [ f(y)dy (17)

2 The abbreviation FMS is used for " fluid model solution”.
3 We call anetwork strongly stable if it is positive recurrent.
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Thefirst claim of Lemma 1, together with thefact that L(q) =0 <= q =0, implies
that the fluid model for MW-f isweakly stable for A € A. Further, it can be shown
that the fluid model is stable for A € A °; this can be proved by writing an explicit
bound for L(q(t)) in terms of max,, 7-q(t), then using the technique of [28].

Lemmal. For A € A, every fluid model solution satisfies & )) <0.For A € A°,
every fluid model solution satisfies ¢ ( ) Furthermore
di(a(t)) _
G = A Ham) - maxmf(a(t)
and
A-f(q) —maxz-f(q) <0 forall qcRY.
nes
Proof.

d _ dq(t)
a'—(qm) = T-f(Q(t))

= (,1— Y sn(t)n+'z(t))-f(q(t)) by differentiating (10)
nes

= (A= T &(0)m)-f(at)) by (14), using (0) =

=l-f(Q(t))—lgg?;p-f(Q(t)) by (15).

When A € A, we can write A < a componentwise for some ¢ = Y, oz © with
o >0and Y o, = 1. Th|sy|elds (d( ) < 0.When 4 € A°, the same holds except

with > o < 1, which ylelds dam) g, O

When we use this result, we aimost always implicitly pair it with a standard fact
which isworth stating here: if f : R, — R isan absolutely continuous function, and
f(t) <Oatamostalt,then f(t) < f(0)foralt>0.

3.2 Queue-size optimality

The above results suggest that thereis alarge class of algorithmsthat are throughput
optimal. Here, we will search for an algorithm that produces optimal performancein
terms of queue-size as well. Clearly, identifying such an algorithm# in an absolute
senseis achallenging question and is an open problem worth pursuing.

Inthis chapter, wewill rely on fluid model characterization to seek an asymptotic
answer to this question. We will restrict our search to special subclass of MW-f al-

4 This algorithm should be online, i.e. utilize only the history of the network.
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gorithms, the MW-a: algorithmsfor o € R ;.. Recall that the MW-¢c algorithm uses
f(x) = x* astheweight function. Thereasonfor thisrestrictionistwo fold. First, the
average queue-size performance of MW-o scheduling algorithms was extensively
studied (empirically) in the context of input-queued switch by Keslassy and McK-
eown [14]. They had observed that as oo — 0T, the average queue-size descreases.
This led them to conjecture that MW-0" algorithm is an optimal (in the class of
MW-¢) algorithm with respect to its performance in terms of average queue-size.
Second, the MW-¢ are a large class of algorithms and lend themselves to analytic
tractability. Therefore, an optimist would take the conjecture of [14] one step ahead
by hoping that MW-0" algorithm is optima among all possible scheduling algo-
rithms.

As we shall see, an optimist’s perspective is indeed true; not only for switch,
but for the general setup of network considered in this chapter. We again take note
of the following limitation of the details provided in the remainder of this section.
The justification of the optimality of MW-0" is partial, because the optimality is
established for the fluid scaled queue-size. However, it is non-trivially important for
two reasons. First, if MW-0" is optimal in terms of, say average (not fluid scaled)
queue-size then it ought to be optimal with respect to fluid scaled queue-sizes as
well. Second, optimality with respect to fluid scaling does imply® an approximate
optimality in terms of average queue-size at the original scaling.

The presention in this section follows [26] very closely. In what follows, we
will formally introduce critical fluid model and queue-size optimality. Then, we
will indulge into a minor digression by introducing various definitions in order to
be able to state the main result of this section formally. An impatient and curious
reader may skip this digression in thefirst read and jump directly to the Theorem 2.
Finally, we will discusstheimplications of thisresult in terms of the structure of the
optimal agorithm.

Critical fluid model. Consider the network operating under MW-qa. scheduling al-
gorithm with arrival rate 1 € A. Let q(t) denote the fluid scaled queue-size vector.
That is, q(t) satisfies the fluid model equations (9)—(15) (with f(x) = x%) starting
with some finite initial queue-size vector g at t = 0. We are interested in the net
queue-size of the network, that is ,,qn(t), which we will denote by 1-q(t). Now,
suppose A € A°. Then Lemma 1 suggeststhat ast — oo, the Lypanov function value
L(q(t)) — Ounder MW-o algorithm for any o > 0. Therefore, 1.q(t) — O for MW-
o agorithm for any o > 0. Thus, using fluid model the performance of MW-o
algorithms, in terms of the net queue-size at al timet, can not be differentiated if
A € A°. Therefore, in order to obtain any conclusive statement using fluid model,
we need to restrict our attention to A € dA. We will call such a system critically
loaded as A is on the boundary of the capacity region of the system.

5 This is not immediate and an interested reader will have to dig through the proof of Theorem
1. In particular, the approximation error introduced by fluid models in approximating the original
system need to be quantified. Of course, it will lead to “probabilistically approximately correct”
characterization which will depend on distributional characterization of arrival processin our setup.
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The fluid model obtained for such a critically loaded system is called the criti-
cal fluid model. Apart from the use of critical fluid model for studying queue-size
scaling as in this chapter, the critical fluid model has been utilized as an important
technical tool to establish the so called state-space collapse property under heavy
traffic asymptotic. This turns out to be an important intermediate step to obtain the
heavy traffic characterization of networks (an interested reader is strongly recom-
mended to check an excellent sequel of papers by Bramson and Williams [7, 33] to
find out more about this).

Queue-size optimality: a formal definition. Now, we formally define the notion
of queue-size optimality for the purpose of this chapter. Consider a scheduling algo-
rithm <7 By Theorem 1, there exists vector of queue-sizesq (t) satisfying (9)—(14)
forany A € dA with someinitial queue-size vector g (0) = qo € Rﬂ. We call the
algorithm «7 as a (1+ ¢ )-approximation agorithm, ¢ > 0, if the following holds:
for any other scheduling algorithm % with the same initial condition and arrival
process, its (fluid scaled) queue-size vector g (t) is such that for al t > 0,

1.97(t) < (1+¢)1.9”(t), (18)

for all choicesof A € dA and all initial configurationqo € RY.

We call an algorithm queue-size optimal, if it is 1-approximation algorithm. In
what follows, we will state that MW-or algorithmis N Tra -approximation algorithm.
Therefore, itis (14 8) approximationwhen o =In(1+8)/InN~ 6/InN for 6 > 0.
Thus, as o — 0" the MW-¢r algorithm becomes 1" -approximation algorithm and
hence essentially optimal.

Some necessary definitions. Here, we state some necessary definitions in order to
state the main result about MW-o¢ agorithms's approximate performance formally.
Given A € A, first consider the optimization problem PRIMAL (4):

minimize Y o
nes
over or R, foradl me .

suchthat A < ) o7 componentwise
nes

This problem asks whether it is possible to find a combination of schedules which
can serve arrival rates A; clearly A is admissible if and only if the solution to the
primal is < 1. Now consider its dual problem DUAL(A):

maximize &2

over £ eRY

such that max &-r <1
nes
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The solution is clearly attained when the constraint is tight. Given a queue size
vector Q and any dual-feasible & satisfying the constraint with equality, call £-Q the
workload at the virtual resource &. The virtual resource specifies a combination of
several actua resources (namely the queues themselves). Thelong-runrate at which
work arrives at the virtual resourceis &-A, and the maximum rate at which it can be
servedis 1.

A concrete example. Consider asystem with N = 2 queues, A and B. Supposethe set
. of possible schedules consists of “serve three packets from queue A” (schedule
1) and “serve one packet each from A and B” (schedule 2). Let A 5 and Ag be the
arrival rates at the two queues, measured in packets per second.
PRIMAL description. Schedule 2 is the only action which serves queue B, so we
need to perform schedule 2 at least Ag times per second. There'sno point performing
schedule 2 any more than this. This allows for serving Ag packets per second from
queue A, so we additionally need to perform schedule 1 at arate of [Aa — Ag]/3
times per second. If we're only alowed to choose one schedule per second, we
requireAg < 1and Aa/3+24g/3 < 1.
DUAL description Define a virtual resource W as follows. Every time a packet ar-
rivesto queue A put {a > 0 tokensintoW; every time a packet arrivesto queue B put
{s > O tokensinto W. The most tokens that schedule 1 can remove fromW is 3{ a,
and the most tokens that schedule 2 can removefromW is {a + {g. We may as well
normalize ({a, {g) so that the largest of these is 1. The total rate at which tokens
arriveis AnCa + Aslp. If we're only allowed to choose one schedul e per second, we
need thisto be < 1.

Set {p = 1/3 and g = 2/3, and we recover the PRIMAL constraint that Aa/3+
2A/3 < 1. Set {p = 0 and &g = 1, and we recover the PRIMAL constraint that
A< 1

Critical workloads. Both problems are soluble so, by strong duality, the solutionsto
both problems are equal. Clearly the solutions to the optimization problemsis < 1
forany A € A.ForA € A°itis< 1,andfor A € dA itis= 1. When thisis so, we
call the solutions to the dual problem the critically-loaded virtual resources.

Let % =.*(A) bethe set of al critically loaded virtual resources that are ex-
treme points of the feasible region. Call these the principal critically-loaded virtual
resources. Note that the feasibleregion is a polytope, therefore . * isfinite; and that
the feasible region is convex, therefore any critically-loaded virtual resource { can
be written

{= Y x:& with Y x:=1andallx: >0. (19
e

The critical workloads have a useful property. Suppose A € A, and A < o for
some o € X, as per the definition of A. Then

&n > Ofor somecritically-loaded ¢ — An = oy (20)

Inwords, if queueniscritical, thenit is not possible to reduce it without increasing
some other queue. To see this, pick some critically-loaded & with &, > 0. Then



16 Devavrat Shah

E-o>&Asinceoc > A.Also A =1since iscritical,and §-0 < 1since & is
feasiblefor DUAL (o), and PRIMAL (o) < 1. Therefore there is equality, therefore
ln - Gn.

Example: input-queued switch. Consider a switch with N input ports and N output
ports. Let 4j; be the arrival rate at the queue at input port i of packets destined for
output port j, 2 € RY*N. This means there are N? queues in total, not N. This fits
with the notation used to describe the input-queued switch in the earlier section,
and it is more convenient than the notation for the general network from Section 2.
The set . is the set of al matching in N x N complete bipartite graph or N x N
permutation matrices. The Birkhoff—von-Neumann decomposition result says that
any doubly substochastic matrix is less than or equal to a convex combination of
permutation matrices, which gives us

A= {A e o, NN

N
j=

N
Aj<land Y A ;<1 forall i“,f}.
2%

1 =1

It iseasy to check that
N N R R
JA=qAeA Y Ay=1or Y & ;=1 foratleastoneior ]
j=1 i=1

We propose the following set .* of principa critically-loaded virtual resources.
This set is obtained from the row and column indicators r; and c;, defined by
(rp)ij = Lizyand (¢p)i,j = 1;_;. We also need

N ={ne {0}V N:nj=1if >0}

Then
I = {r;n forne .+ andisuchthat 3 4 ; = 1} U
j
{cjrn forne.# and jsuchthat Y A, ; = 1}
2,

The virtual resourcer 1, for example, corresponds to the constraint that at most one
packet can be served from input port 1 in any timeslot, thereforethe total arrival rate
at input port 1 must be < 1. If say A1 3 = O then the total arrival rate to the remaining
N — 1 queues at input port 1 must also be < 1, and this corresponds to the virtual
resourcer n for njj = 1is1or j£3.

It is easy to see that every & € .* is acritically-loaded virtual resource, and it
is not hard to check that they are all extreme as well. To show (19) requires some
more work.

First, we remark upon adual to the Birkhoff—von-Neumann decomposition. L et
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2 ={rifordli}u{c;foral j}.

Then, given any vector § € RN for which max e » §-m < 1, we can find some ¢’
which is a convex combination of elements of 2 such that ¢ < ¢’ componentwise.
This is because DUAL (&) < 1 when taken with respect to the schedule set 2, by
the condition on ¢; and ¢’ is then obtained from PRIMAL ({).

Now suppose that ¢ is any critically-loaded virtual resource for DUAL(A). We
need to show that (19) holds. First, use the dual decomposition above to write

= in*l’i“-l— nycf— Z.
i i

Note that rr-A4 < 1 with equality only if r; € 7%, and similarly for Cj. Since ¢ is
assumed to be critically loaded, {-A = 1; it must therefore be that the coefficients x;
and Yi are 0 unlessthe corresponding virtual resourceisin . *, and alsothat z ; >0
only when 4; j = 0.
To recap, we have found
{= 2 ab-z
e
where Xa:=1 and ag >0, and z ; > 0 only when 4; j = O. It remains to dispose
of z. Suppose z| > 0 for somek, |, and define n*! by nlkjI = Lizkor j4I; NOte that
nkl € _#" by the condition on z. Also note that ¢ € R"*N, and so S a: & > z(.
Now we can rewrite
Z Z| k| k|
= asc+(1- a:En™ —zn®'.
¢ Yagd 2t ( Yag & ) 226

Continuing in this way we can remove al non-zero elements of z, until we are |eft
with an expression of the form (19).

Main result: queue-size optimality of MW-0T. The following result establishes the
claim about queue-size optimality of MW-0" (see Theorem 10.2, [26] for detailed
proof.)

Theorem 2. Let A € dA be such that there is a critically-loaded virtual resource
which assigns equal wait to each queue (i.e. 1/ max, 1-x is a critical virtual re-
source). Then, MW-o; algorithmis N/ (1+@)_approximation algorithm.

Theorem 2 implies that for o = In(1+ 8)/InN, the MW-a agorithm is (1 +
8)-approximation for any 6 > 0. Thus, as a — 0t the MW-0" becomes 1*-
approximation and hence optimal.

Remark. In the example of input-queued switch, an example of the requirement that
there be acritically-loaded virtual resource which assigns equal weight to all queues
is satisfied by the requirement that either there is some set of critically loaded input
ports (i.e. Yk Aik = 1 for some collection of i) and A; j = O for al input portsi which
arenot critical; or that thereis some set of critically loaded output portsand A j =0
for al output ports j which are not critical.
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Discussion: optimal algorithm. The above is an evidence based on critical fluid
model of the optimality of limiting algorithm MW-0". There a second piece of
(intuitive) evidence based on the structure of effective state space of the algorithm
inthe case of switch. It essentially suggeststhat as oo — 0™, the effective state space
becomes largest possible and hence the algorithm does not idle unless essentially
required —thus, being least wasteful and hence optimal. Due to space constraint, we
do not discuss thisin further detail. An interested reader is encourage to read [26]

for furter details.

Given these two pieces of evidence, it is tempting to speculate about a formal
limit of MW-or as @ — 0. Since MW-¢r chooses a schedule 7t to maximize & - q¢,
and since

N {1+(xlogx if x>0
0 ifx=0

we make the following conjecture:

Conjecture 1. Consider the MW-0" scheduling algorithm, which at each timeslot
looks at all maximum-size schedules (i.e. those © € .7 for which ¥, mnlg,50 iS
maximal), and among these picks one which has maximal log-weight (i.e. for which
Yn:gn>0n10gdn is maximal), breaking ties arbitrarily. We conjecture that this algo-
rithm is stable for 1 € A°, and that it minimizes the total amount of idling in both
the fluid limit and the heavy traffic limit for A € dA.

Key message on optimal algorithm. In [16], McKeown et. a. showed that
maximum-size matching (without use of weights to break ties) is not stable
for certain A € A°, for aninput-queued switch. However, the above conjecture
(and MW-0T algorithm) suggests that the maximum-size schedule with (log-
arithmic) weights used to break ties is optimal. This suggests that the role of
using weight infor mation isin getting the throughput maximized while therole
of maximumesize is in minimizing delay. This property isimplicitly achieved
by the MW-o algorithm for ¢ — 0.

4 Message-passing: throughput optimality

The previous section argued that a maximum weight scheduling rule, with weights
as an appropriate function of queue-size, leadsto optimal performancebothinterms
of throughput and delay. Therefore, such a scheduling agorithmisrequired to solve
acombinatorial optimization problem of finding amaximum weighted schedul e, out
of all possible choices, every timeslot.

Though the problem of finding maximum weight scheduling is a solvable (be-
cause number of scheduling choices are finite in our setup), if the scheduling con-
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straints are complex (e.g. independent set in wireless network example), then de-
signing efficient scheduling can become challenging (or may be impossible) in gen-
eral. In most of scheduling applications, such as the input-queued switch and the
wireless network considered here, the algorithms for finding schedule are highly
constrained due to various engineering limitations: (a) they need to perform few log-
ical operations either because of time-limitation or limited computational resources,
(b) they need to operate in totally distributed manner while exchanging as little in-
formation as possible due to physical or architectural reasons; and (c) they need to
maintain only little amount of data-structure. Such considerations|ead to the funda-
mental question: is it possible to design implementable (as in satisfying the above
stated qualitative requirements) scheduling algorithmsthat have good performance,
both in terms of throughput and queue-size (delay), for any instance of the setup
described here?

In this section, we will present an extremely simple, randomized distributed and
hence implementable algorithm that is throughput optimal for any instance of the
setup describe here. However, this algorithm can have very poor queue-size per-
formance depending upon the complexity of the underlying problem structure. This
agorithm (in centralized setup) wasfirst proposed by Tassiulas[30] in the context of
switch. The distributed implementation of this algorithm was discussed in [18, 13].
First, we present the generic algorithm and its throughput property. Then, we will
explain it in the context of input-queued switch (matching) and wireless network
(independent set). Finally, we will discuss its performance in terms of queue-size.

4.1 Throughput optimality through randomization and
message-passing

The algorithm essentially uses the following key insights: (1) if a schedule © € .
has high weight (say, weight is equal to queue-size) at certain time-instance, then it
is likely to have high weight at the next time-step as long as the weight is a linear
or sub-linear function of queue-size; (2) in order to achieve throughput optimality,
it is sufficient to have the weight of the schedule close to optimal, not necessarily
optimal. Now, we describe the algorithm for any scheduling instance of our setup.
But, before that we describe two sub-routinesthat the algorithm will utilize.

Sub-routine RND. It produces arandom schedule ¢ € . such that any schedulein
. has strictly positive probability of being produced. That is, there exists w > 0
such that for any o € .

Pr(RND outputs o) > o. (21)

Sub-routineCNT (o, w, €, §). Given parameterse, § > 0 and schedule o € ., with

node-weightsw = (w;) (here, queue-size or function of queue-size), the algorithm
returns a random number W such that
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Pr((1—¢e)w(o) <W < (1+¢e)w(o)) > 1-9, (22)
wherew(o) = 3 ojwi.

ALGO I(g, 8). Here, we describe the generic form of the algorithm. The distributed
implementation of this algorithm will follow by explaining the distributed imple-
mentation of the subroutines RND and CNT, which is done | ater.

0. Let o(1) be the schedule used at time T > 0 and Q(t) denote the queue-size
vector at time 7.

1. Initialy, at T = 0 we have Q(0) = 0 and choose ¢(0) at random using RND.

2. Theschedule 6(7+ 1) at time 7+ 1 is computed from o (7) as follows.

(8) Produce arandom schedule R(t + 1) using RND.
(b)Compute weights,
W(o (7)) =CNT(o(7),Q(t+1),¢/8,0), and
W(R(t+1)) =CNT(R(t+1),Q(t+1),¢/8,9).

@©IF W(R(T+1) > F-28W(o (7)), then o(7 + 1) = R(t + 1), dlse retain
o(t+1)=o0o(7).

Remark. The above algorithm is an approximation of MW-1 algorithm. The result
stated next about its throughput optimality should not be affected if we were approx-
imating MW-o algorithm for o € (0,1). That is, if instead of weight being Q(7), it
were Q% (), then the above algorithm will still have good throughput property. This
is primarily because f(x) = x* is a Lipschitz continuous function (with Lipschitz
constant < 1) for all o € (0,1].

Performanceof ALGO I (g, §). Here, we state the result that establishes (essentially)
throughput optimality of the ALGO 1.

Theorem 3. Consider any strictly admissible A € A°. Then, thereisa & > 0 such
that (1—2¢)~1A € A°. Then, under the algorithm ALGO I (¢, @3~N),

Iignﬁgp E[[|Q(7)[l1] < ee.

The proof of this result follows from Foster-Lyapunov criteria [17] by considering
the quadratic Lyapunov function L(7) = ¥;Q?(t) and establishing negative drift
over large enough finite horizon. We skip details here. An interested reader can re-
construct the proof from [18] or [13].

Cost of ALGO I(e,®3~N). As Theorem 3 suggests, we need to design distributed
algorithms RNDand CNT (¢, 03~ N) that are efficient (i.e. do computations in say
polynomial in N distributed operations). We describe such distributed algorithms
next. As we shall find, the RND, which is described for matching and indepen-



Network scheduling and message-passing 21

dent set, takes O(N) total computation (or O(1) rounds®); the CNT (g, 3~ N) takes
O(e7?N?log3V/w) total computation (or O(e ?Nlog3N/w) rounds). Thus, net
computation cost of the ALGO I(g, 3~N) will boil down to O(¢ ?>Nlog3" /w)
rounds or O(e ~2N?log3" /) total distributed operations. It should be noted that
the number of message exchanged scales in the same manner as the number of
distributed operations. As we shall see, ® = 1/N! ~ 2-NIogN for matching and
o = 2~ N —thus, the cost (in terms of rounds) in case of matchingisO(e ~?N?logN)
and O(e~?N?) in case of independent set.

Remark. It should be noted that we can slow down our schedule computation algo-
rithm by factor O(e >N log3" /w) — thus, spending O(1) computation per timeslot
— and retain the throughput optimality as is. This fact follows directly from the
Lyapunov-Foster’s criteria. However, it increases the average queue-size and thus
degrades performance. An interested reader will find a detailed study of this aspect
of scheduling algorithmsin the context of input-queued switch in [23].

Description of RND. Here, we describe the distributed algorithm RND for two ex-
amples: matching and independent set. The algorithm for any instance of our setup
can be obtained aslong as the constraints corresponding to the feasibility of asched-
uleis checkablelocally; which happensto be the case for matching and independent
Set.

First, consider RND for finding a random matching or arandom schedulein the
case of input-queued switch. Each input nodei, uniformly at random selects an out-
put node, say r (i), and sendsarequest tor (i). An output node, say j, upon receiving
multiple requests, selects one of the inputs at random and sends it notification of
acceptance. Input node i, upon receiving accept matches the output and upon not
receiving accept (i.e. receiving reject) does not connect to any outpuit.

It can be easily checked that all complete matchings are likely to be chosen with
probability at least 1/N!, for switch of size N, under this RND. Further, it involves
only two rounds of distributed computation. Thus, it satisfies our required condition
(20).

Next, we describe asimilar description for independent set. Here, in the network
graph G = (V, E), each node (vertex) choosesto become active with probability 1,/2.
An active node, becomesinactive if any of its neighbor is active. All the remaining
active nodes declare them to be part of the independent set while others (inactive)
keep out.

Again, it is easy to check that the nodes that decide to be part of independent set,
indeed form an independent set. Further, any independent set has probability at |east
1/2N of being chosen for network of size N. As description suggests, it is asimple
two-round algorithm.

Description of CNT(e, 3~N). The purpose of algorithm is to compute summation
of node weights (approximately) for a given schedule — equivalently, given N num-
bersin the network graph G, compute their summation approximately. The standard

6 By around, we mean an iteration of distributed computation where each node gets to perform
O(1) exchanges.
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averaging algorithm (cf. [32, 6]) will not work here, because we need an agorithm
that will produce exactly the same estimation at all the nodes so that local decisions
(i.e. whether to choose new schedule R(7 + 1) or to choose an old schedule o (7)) are
globally consistent. And, averaging agorithm does not posses this property. Here,
we will describe an approximate summation procedure based [19]. The algorithmis
based on the following probabilistic facts:

F1. Let Xy,..., Xk beindependent random variableswith exponential distribution
and parameters rq,...,rg. Then, X, = mini<j<x X has exponential distribution
with parameter ¥X ;.

F2. LetY,...,Yn beindependent exponential random variables with parameter
r.LetSp= LM, Y. Then, for y € (0,1/2)

Pr(Smé¢ (L—nr b (1+7)r 1) <2exp(-v’m/2).

F1 is well-known about exponential distribution; F2 follows from Cramer’s Theo-
rem [10] about large deviation estimation for exponential distribution.

Now, the algorithm. Given node weights W = [W,], F1 and F2 can be used to
compute W = ¥, W, approximately as follows: each node v € V draws an indepen-
dent exponential random variable with parameter W, (nodes with W, = 0 do not
participate in generating numbers); then all nodes together compute minimum, say
X, of these random numbersin distributed fashion by iteratively asking their neigh-
borsfor their estimates of minimum. Nodes should terminate this process after © (n)
transmissions. Repeat this for m times to obtain minimums X..(i),1 <i < m. Now
set Sy = %z{glx*(i) and declare Zi, = 1/Sy as an estimate summation of W.

Now, given small enough ¢ it follows from F1, F2 that by selecting m =
O(e2log3V /w), we obtain estimate of summation, say W such that

Pr(W ¢ ((1-e)W,(1+e)W)) < 03N (23)

Computation of a single minimum over the network can be done in a distributed
manner in many ways. We skip the details here in interest of space. However, we
refer an interested reader to see [19] for interesting account on such algorithms. The
minimum computation takestotal O(N?)or O(N) per node message exchanges. This
completes the description of desired CNT (e, ®3~N) algorithm.

4.2 Performancein terms of queue-size

The ALGO | is a simple, randomized message-passing algorithm that is through-
put optimal for almost all reasonable instances of our setup. Now, we consider its
performancein terms of queue-size. We will consider the cases of matching (switch
scheduling) and independent set (wireless scheduling) to establish existence of the
following dichotomy: for some scheduling problem, it is possible to have simple al -
gorithmsthat are throughput optimal and have small queue-size; for other schedul-
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Fig. 3 Anillustration of impact of MERGE on Performance.

ing problems we can only hope for throughput optimal simple algorithms with very
large queue-size.

ALGO | for switches: a simple modification. The basic version of the ALGO | de-
scribed aboveislikely to induce very large queue-size. However, a simple modifica-
tion of the ALGO | canlead to smaller queue-size’ asdescribed here. To exemplify
this, we present a sample simulation in Figure 3 which plots average queue-size
(on Y-axis) with respect to the varying load (on X-axis) for three algorithms. MW
scheduling (MWM), the ALGO I, and M ERGE (whichisthemodification of ALGO
| for matching). The figure shows that the queue-sizes are very large under ALGO
|, but MERGE and MWM have very small and comparable queue-sizes. The mod-
ification presented here, the MERGE algorithm, is based on the results described in
[12] and alater adaption of it for distributed algorithm design in [18].
Themaininsightisasfollows. INALGO |, every time either we choose schedule
R(7+ 1) or o(t) entirely. However, some parts of R(7 + 1) are likely to be higher
weightswhile some other parts of o(t) arelikely to be of higher weights. Therefore,
a better approach towards designing such algorithm would be to choose a mixture
of the best parts of these two schedules. In general, not al scheduling constraint

7 We make note of the following: while the modification presented here seem to reduce queue-size
drastically (see [12] for detailed simulations) and there are arguments based on toy-model (again,
see [12]) to justify this, the problem of establishing average queue-size being polynomial in size of
switch N, under algorithm using M ERGE remains an important open problem.
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structures alow for this. However, matching constraint allows for this possibility.
Below, we describe this formally as the Merge procedure.

90
:1(%0< s .
e 10 e 5 4
-~ 40 o \ / 7
N -
W=100 i W=190
90 .
e 80 .
5
40
.—3-0—.
W=245

Fig. 4 Anexample of MERGE procedure.

Consider a switch bipartite graph with Q matrix as its edge weights. Given two
matchings £t and 72, define

S (ntn?)={neS mj=1onlyif n}=1orrf=1}.

The M ERGE procedure, when applied to 1 and 72 with weights given by Q, returns
amatching 7 such that

T = Qi . 24
T argne&’(T%,n(Z)){%‘mJQ”} (24)

The MERGE finds such matching using only 2n addition and subtraction. It is de-
scribed asfollows: Color the edges of 1 asred and the edges of 72 as green. Start at
output node j; and follow the red edge to an input node, say i 1. From input nodei;
follow the (only) green edgeto its output node, say j». If j» = j1, stop. Else continue
to trace a path of aternating red and green edges until j 1 isvisited again. This gives
a‘“cycle’ inthe subgraph of red and green edges.

Suppose the above cycle does not cover al the red and green edges. Then there
exists an output j outside this cycle. Starting from j repeat the above procedure to
find another cycle. In this fashion find al cycles of red and green edges. Suppose
thereare ¢ cycles, Cq, ...,C; at the end. Then each cycle, C;, contains two matchings:
G; which has only green edges, and R; which has only red edges. For each cycleC;,
the MERGE chooses R; if the sum of the queue-size corresponding to these edgesis
higher than that of the G;. Else, MERGE chooses G;. It is easy to show that the final
matching as chosen above is precisely the one claimed in (24). Figure 4 illustrates
the M ERGE procedure.
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Finally, the MERGE is used in place of choosing R(7 + 1) or o () entirely. Note
that, in order to construct the schedule for MERGE, essentially we need to compute
theweights of schedulesonly restricted to the“ cycles’ as described above. However,
thiscan bedonein atotally distributed manner using the same CNT proceduresince
the membership to a cycle (or paths) is by definition defined locally. Note that this
modification does not increase the (bound on the) cost of the algorithm. We refer
interested readersto [18] for details.

ALGO | for independent set: impossibility of low queue-size. The above simple
modification for matching reduces queue-sizes drastically and makes the algorithms
comparable to MW scheduling. However, it utilizes the structure of matching cru-
cially. Therefore, question remains whether it is possible to modify ALGO | to
obtain small queue-size for any scheduling problem. Here, we will state an impos-
sibility result in the context of independent set based scheduling which impliesthat,
(@) ALGO | hasexponentially large, in problem size N, average queue-size and (b)
it is not possible to have simple modification of ALGO | to obtain smaller queue-
sizes. Thisis based on arecent work [24].

Tothisend, we consider awirel ess network operating under independent set con-
strained model. We assume that the network graph G can be arbitrary. Let A beits
admissible arrival rate region and cA = {cA : A € A} for ¢ > 0. Here, cA means
fraction c of the capacity region: e.g. for c = 0.1, it will be 10% of the capacity re-
gion. Thefollowing impossibility result impliesthat for any € > 0, thereisnosimple
agorithm that can achieve small average queue-sizefor all network instances. Thus,
the problem of scheduling for low queue-sizeisinherently hard !

Theorem 4. Consider any € > 0. Then, thereisno (centralized or distributed, deter-
ministic or randomized) algorithm that runs in polynomial (in N) time and induces
polynomial (in N) average queue-size for all A € €A unless certain computational
hypothesis® is false.

Key message on simple, randomized message-passing algorithm. The ran-
domized algorithm ALGO | described here is a simple, message-passing
mechanism that is essentially throughput optimal for any scheduling instance
that alows for checking feasibility of a schedule through local constraints
(e.g. matching, independent set). However, the queue-sizes induced are very
large. The simpler problem structures, like matching alow for minor (prob-
lem dependent) modification of the ALGO |, to obtain lower queue-sizes
while retaining the high throughput. However, for hard problem structures,
like independent set it isimpossible to obtain simultaneously high-throughput
and low queue-sizes under arbitrary setup. Thus, obtaining high-throughput
isrelatively simple, and meanwhile maintaining low queue-size is quite hard.

8 The precise computational hypothesisis NP ¢ BPP.
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5 Message-passing: low queue-size or delay

In essence, we have learnt so far that in order to retain small queue-size a known
effective way is to design excellent approximation agorithm of maximum weight
scheduling — in case of matching, we could do it since it is an easy problem, but in
case of independent set we could not since it is a hard problem. The modification
of randomized algorithm ALGO | to obtain small queue-size for matching is very
problem specific. Ideally, we would like to have a generic method. Specifically, in
this section we would like to design general message-passing algorithmic method
that has the following properties: (a) for easy problem, allows for fine-control to
trade-off performance with implementation cost; and (b) for hard problem, works
well when problem posses special structure (like solvable through linear program)
and gives a reasonabl e heuristic otherwise.

We will present two, somewhat surprisingly very related, approaches for algo-
rithm design: (a) the classical optimization based method of co-ordinate descent
agorithm and (b) the recently emerging heuristic from Statistical Physics and Ar-
tificial Intelligence, caled belief propagation (also known as max-product for op-
timization problem). The presentation here is based on [3], [4] and [21]. We will
explain these two methods in the context of input-queued switch (matching) and
wireless network (independent set).

5.1 Input-queued switch: message-passing algorithm

Here, we describe two algorithms for input-queued switch. The first algorithm is a
direct adaptation of the Auction algorithm by Bertsekas [5]. The second algorithm
is based on belief propagation (max-product).

Auction algorithm. For ease of explanation, we introduce some notation. Consider
an N port input-queued switch with N input ports and N output ports. Denote the N
input portsby oy, ..., on and the N output portsby 1, ..., Bn. Asdescribed earlier
in Section 2, there are N2 queues, one per distinct input-output pair. Let

At time 7 the weight of an edge (¢, Bj) will be Qjj(7 — 1) and the weight of the
matching 7t is ¥,[; Qi) (T — 1). Recall that the Maximum Weight Matching *(7)
at time 7 is such that

n
m'(7) € argg;aéZQin(i)(T -1).
=

Now we describe the auction algorithm with parameter € > 0. In the description
of the algorithm, we drop reference to time 1 for the queue-size. Readers familiar
with theiSLIP [15] algorithm may notice a striking syntactic similarity between the
iSLIP and the auction algorithms: both algorithms iterate between inputs proposing
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and outputs accepting/refusing. This similarity suggests that the auction algorithm
islikely to very close to be implementable.

o Phase 0: Initialization. Given queue-size matrix Q, let Q* = max;j Q;j which
is determined as follows:

— Eachoutput 8j computes Q7 = maxy_; Qxj.

— Eachinput o obtains Q; fromall outputs 3j and computes Q* = max; Q.

— Eachoutput B contactsinput ¢j to obtain Q*.

— Set o =¢€Q"/n.

— Initially, the set of matched inputs-outputs S= 0; the set of unassigned inputs
| ={o1,...,0n}, and parameters p; = O0for 1 < j <n.

— Algorithm finds matching of interest in two phases, described next.

o Phase1: Bidding For all o €1,
(1)Find the ‘weight’ maximizing output ;. Let,

ji = argmax; {Qij — p; }, vi = mJaX{Qij -pi} (25)
du = i — Pit- 26
and U = max{Q; — pj } (26)

(2)Compute the ' proposal’ of input «;, denoted by bai_,ﬁj asfollows:
bai‘*ﬁji =Qij —u+9.

o Phase 2: Assignment. For each output f3;,

(3)Let P(j) bethe set of inputs from which ; received a‘proposal’. If P(j) #
0, increase p;j to the highest bid, i.e.

i= max b, 5.
P e P

(4)Remove the maximum proposing input oi; from | and add (i, 3j) to S. If
(o, Bj) € S, k#1ij, then put oy back in |

Performance of Auction algorithm. The auction algorithm described above is a
dlight variant of Bertsekas' auction algorithm. Given a fixed weighted bipartite
graph, the behavior of the auction agorithm is well understood. However, the al-
gorithm converges only if al the weights are finite. In our setup, weights are given
by Q(-). Hence, it is not clear if the above described algorithm will maintain finite
queue-sizes Q*(+) with probability 1. Specificaly, the size of Q*(-) directly affects
the number of iterations required by the algorithm to converge. We state the foll ow-
ing result (Theorem 1, [4]).

Theorem 5. Given e > 0, let A = ¥ ok be such that Y, o < 1— 2¢. Then, for a
switch operating under the Auction algorithmwith parameter ¢,
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limsupE lZQij(r) =0O(n?/e).

T—00 IJ

Further, the algorithm takes O(n?/¢) iterations to compute the schedule.

Now, we consider a natural variant of the Auction algorithm to utilize the slowly
varying nature of the switch. Specifically, at any time slot 7 + 1 the parameter p for
1< j <ninstead of being initiated with zero startswith its final value from the time
slot . Theintuition behind this modification is the following. At the end of the time
dot 7 the parameters p; are optimal for the queuesizes Q;j (7 —1). Since, queue-size
only changes by 1 in atime slot, one expects the parameters p j to be near optimal
at time 7+ 1 as well. Therefore, we expect algorithm to converge quickly starting
from thus chosen new initial condition — thisis confirmed by simulations presented
next.

Representative simulation results. We describe simulation results for an 8 x 8 in-
put queued switch with a non-uniform admissible arrival matrix. The traffic load
takes one of the values from the set {.65,8,.9,.95,.98}. All simulations are done
for one million time slots. Here, "auction(c)” denotes the auction algorithm with
6 = c where c is a constant. For the e-Auction algorithm we use € = 1 and hence
denote it by 1-Auction. We compare the performance of auction algorithm with
MWM and iSLIP agorithm —iSLIP is the popular heuristic used in practice. When
the number of iterations of the iSLIP agorithm is not mentioned it is understood to
haverun al the way to theend, i.e. it runsn = 8 iterations.

Figure5 showsthat the 1-Auction algorithm performsmuch better than thei SLIP
agorithm and is as good as MWM. The next plot, Figure 6, shows that 1-Auction
with memory has better performance than 1-Auction.

Figures 7 and 8 show the trade-off achieved by tuning the parameter §: the higher
the value of §, the poorer the performance and the fewer iterations required to find
solution. Here the value 6 = B/N takes one of the values 1, 10,50. As mentioned
beforelarger valuesof § yield less number of iterations but at the expense of greater
queuesizes. Figure9 showsacomparison between 1-Auction and i SLIP when both
runonly threeiterationsin each time slot. In practice sometimesonly afew iterations
of theiSLIP algorithm are used instead of the full iSLIP. This figure shows that the
1-Auction algorithm can also be used for a fewer number of iterations and it still
outperformsiSLIP.

Belief propagation(BP) for matching. In a switch, the partition in the bipartite
graph is well known. However, in general graph, even if it is bipartite such par-
tition may not be known — for example, wireless ad-hoc network operating under
primary interference constraints. In such cases, Auction algorithm, which requires
prior partitioning and is not symmetric in its response to partitioning, is not very
attractive. Instead, we would like to have a scalable approach that does not require
prior knowledge of the bipartition and operates symmetrically. That is, we need an
algorithm, that treats nodes of the two partitions in the same manner. Next, we de-
scribe such an algorithm based on the (Max-Product) Belief propagation a gorithm.
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The following algorithm is an adaption of the (Max-Product) Belief Propagation
agorithm described in [3] that operates very similarly to the auction algorithm.

o Let Q" = max;; Qij, which can be quickly computed in a distributed manner.
Set § = eQ*/n.

o Given queue-size matrix Q, define a symmetric weight matrix W = [W;j]
as follows: for al (i,j) ¢ E, set Wjj = 0 and for al (i,j) € E set Wj =
max{Qij, Qji } + ;. Where §;; is a randomly chosen number from the inter-
val (0, 8) and can be selected by one communication betweeni, j.

o Thealgorithm variables are messages that are exchanged between neighboring
nodes. Let ¥ . € R denote message from nodei to node j in iteration k.

1—]

o Initialize k = 0 and set the messages as follows: MY ; =W;; M0 ; = W;.

o Algorithmisiterative, as described next.

o For k> 1, iterate asfollows:

(a) Update messages as follows:

oK W ok—1
Mo, B =W rggajxmﬁzﬁai’
~Kk VYA ak—1
Mg, —g = Wij r?gixmazﬂﬁj' 27)

(b)The estimated MWM at the end of iteration k is 7%, where nK(i) =
argmax;c i) {5, } for 1 <i < n. But when maxjeﬂm{m‘éWQi} <0

then let 7%(i) = "null” which means node i chooses not to connect to any of
its neighbors.

(c)Repesat (a)-(b) till 7X(i) converges, i.e. for each 1 <i < n, wK(zX(i)) =i or
7X(i) = "null” for al k large enough.

j—o

Performance of Belief Propagation(BP). Let Q" = [Qj;] be a symmetric matrix of
gueue seizes defined by Q{j = max{Q;ij,Qji}. Also, let =* denote the MWM of
matrix Q' and let W* denote weight of 7*. We will prove the following result.

Theorem 6. Given € > 0, with probability one BP will convergeto a matching with
weight at least W* — £Q*. Thealgorithmtakes O(n?/ep ) iterationsto convergewith
high probability, where p is some function of n.

The BP algorithm performs very similar to the auction algorithm. Here, we provide
asimulation run that confirms this as shown in Figure 10.

5.2 Wireless scheduling: message-passing scheduling

Here we describe message-passing a gorithm for finding maximum weight indepen-
dent set in order to obtain schedulein wireless networks. Clearly, it is not possibleto
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find such an agorithm for al possible graph structures. We describe an agorithm,
based on co-ordinate descent along with a combinatorial method, that works per-
fectly for bipartite graphs. We will end with a heuristic based on BP, very similar to
thefirst algorithm, that is likely to provide very good performance on other graphs.
The most of the results presented in this section are from [21].

Exact algorithm: bipartite graph. Here, we describe an a gorithm for finding max-
imum weight independent set in a given graph G = (V, E) with node weights rep-
resented by w = [w;]. The algorithm is essentially a modification of the standard
co-ordinate descent algorithm for a “dual” of an appropriate linear programming
relaxation of the integer program of maximum weight independent set. We refer an
interested reader to [21] for further details. The basic algorithm, described below,
invokes two sub-routines which are described next.

(0)Given (smal enough) positive parameter €,6, run sub-routine
DESCENT(e, §) results in an output A&% = (li§’5)<i7j>65 upon conver-
gence (or close to convergence).

(i) Next, using (small enough) 8; > 0, use EST(A29, 8,), to produce an estimate
for the MWIS as an output of the algorithm.

Algorithm DESCENT. Here, we describethe DESCENT agorithm.

(0)The parameters are variables A;j, one for each edge (i, j) € E. We will use
notation that A{; = A};. The vector A isiteratively updated, with t denoting the
iteration number.

o Initially, sett = 0 and A3 = max{wi,w;} for al (i, j) € E.

(i) Initerationt + 1, update parameters as follows:

o Pickanedge (i, j) € E. The edge selection is done in a round-robin manner

over al edges.
o Foral (i',j) € E,(i’",j') # (i,]) donothing, i.e. AtTt = A%

|/J'/ i jl-
o Foredge (i, j), nodesi and j exchange messages as follows:

(w5 ) de(ue S )
ktiken )/, WAKer () ),
o Update A,"* asfollows: witha =y} andb = "1,

a+b+2e++/(a—b)24 42
A5 = ( V2= ) . 28)

+

(if) Updatet =t 4 1 and repest till agorithm convergeswithin é for each compo-
nent.
(iii) Output the vector A, denoted by A €9, when the algorithm stops.
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Remark. It can be established that the update (28) turns out to be

xitjﬂ = Be+ max{—ﬁe, (Wi - Z 7Lfk> ) <WJ - 2 llij) }’
ke A ()] keA (D

where for some B € (1, 2] with its precise value dependent on v/ 1, 7.

—i

Algorithm EST. The agorithm EST estimates the assignment of nodes in the
maximum weight independent set based on the converged messages of the DE-
SCENT agorithm.

(0) The agorithm iteratively estimates x = (x;) given A (expected to be a dua
optimal solution).

(i) Initialy, color a node i gray and set xi = 0 if Xjc 4)Aij > wi. Color all
other nodes with green and leave their values unspecified. The condition
Yjen(i)Aij > Wi ischecked aswhether 3¢ 4y Aij > Wi + 1 Or not.

(i) Repeat the following steps (in any order) till no more changes can happen:

o if i is green and there exists a gray node j € .#/(i) with 4;; > 0, then set
xi = 1 and color it orange. The condition Ajj > 0 is checked as whether
Aij > &1 or not.

o if i is green and some orange node j € .#/(i), then set x; = 0 and color it
gray.

(iii)If any nodeis green, say i, set X; = 1 and color it red.
(iv)Produce the output x as an estimation.

Overall performance of algorithm ALGO. Here, we state the convergence, correct-
ness and bound on convergencetime of the ALGO using parameters (g,6,81).

Theorem 7. The algorithm ALGO with parameters €, 6 converges for any choice
of £,0 > 0 andfor any G. The solution obtained by it is correct if G is bipartite with
unique maximum weight independent set solutionand &, 6 > 0, 6 are small enough.
The convergence happens exponentially fast (constant dependent on problem size
and weights through reasonabl e function).

BP heuristic. We end this section, with brief description of the BP heuristic for
maximum weight independent set. Many interesting properties of BP areknown (see
[21] for details). A reader is suggested to observe the extreme similarity between BP
and the DESCENT algorithm.



Network scheduling and message-passing 35

(0)The parameters are variables y{ _;,% ;, for each (i, j) € E and iteration t. Ini-
tidly, al of them are set to 0.
(i) Initerationt + 1, update parameters as follows: for each (i, j) € E,

ii%=<Wi— > 7’|t<ﬂi>a

K j ke (i)
ﬁili=<wj— > 7tk’—»J'>'
KA KeN () N

(i) Initerationt + 1, estimate assignment for i € V in independent set as>2}+1 =1,
if Wi > e s (i) i and KT = 0, otherwise,
(iif)Updatet =t + 1 and repeat till convergence.

Key message on message-passing algorithms. The algorithmic method based
on co-ordinate descent and Belief Propagation provides extremely simple,
message-passing algorithms that require very little data structure (few num-
bers at each node) and perform few simple (addition, maximum) logical op-
erations. Such algorithms naturally allow trade-off between performance and
implementation cost by varying the number of iterations and the tuning algo-
rithm parameters. In that sense, this provides a universal algorithmic archi-
tecture for alarge class of scheduling problems. One may imagine running a
message-passing scheduler al the time and when required network can read-
off schedule based on the current message-val ues — thus, providing excellent
pipelineability along with simple, distributed and parallel implementation.

6 Discussion and future direction

We surveyed the current state-of-art in the field of scheduling algorithms for net-
works with input-queued switch and wireless networks as running examples. In
summary, we note three important points. (1) optimal scheduling algorithm is the
MW-0" which can be interpreted as maximum weight maximum size scheduling;
(2) designing throughput optimal simple, distributed algorithm for any problem in-
stanceis easy but obtaining small queue-size in addition isimpossible for all prob-
lems; and (3) belief propagation and co-ordinate descent provide very attractive
message-passing al gorithmic architecture for scheduling problems.

The future work involves progress in the direction of design and analysis of
scheduling algorithms. An important question in terms of analysisliesinidentifying
optimal agorithm beyond the fluid model scaling. In terms of design, the question
lies in designing better algorithms and heuristic methods for message-passing and



36 Devavrat Shah

simple implementation. Specifically, algorithms with easily tunable performancein
various dimensions would be extremely useful.
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