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Abstract. We consider the #P-complete problem of counting the number of independent sets in a given
graph. Our interest is in understanding the effectiveness of the popular belief propagation (BP) heuristic. BP is
a simple iterative algorithm that is known to have at least one fixed point, where each fixed point corresponds
to a stationary point of the Bethe free energy (introduced by Yedidia, Freeman, and Weiss [I[EEE Trans.
Inform. Theory, 51 (2004), pp. 2282-2312] in recognition of Bethe’s earlier work in 1935). The evaluation
of the Bethe free energy at such a stationary point (or BP fixed point) leads to the Bethe approximation
for the number of independent sets of the given graph. BP is not known to converge in general, nor is an
efficient, convergent procedure for finding stationary points of the Bethe free energy known. Furthermore,
the effectiveness of the Bethe approximation is not well understood. As the first result of this paper we propose
a BP-like algorithm that always converges to a stationary point of the Bethe free energy for any graph for the
independent set problem. This procedure finds an e-approximate stationary point in O(n?d*2% ~*log?(ne 1))
iterations for a graph of n nodes with max-degree d. We study the quality of the resulting Bethe approximation
using the recently developed “loop series” framework of Chertkov and Chernyak [J. Stat. Mech. Theory Ezp., 6
(2006), P06009]. As this characterization is applicable only for exact stationary points of the Bethe free energy,
we provide a slightly modified characterization that holds for e-approximate stationary points. We establish
that for any graph on n nodes with max-degree d and girth larger than 8d log, n, the multiplicative error
between the number of independent sets and the Bethe approximation decays as 1+ O(n™") for some
y > 0. This provides a deterministic counting algorithm that leads to strictly different results compared to
a recent result of Weitz [in Proceedings of the Thirty-Eighth Annual ACM Symposium on Theory of Comput-
ing, ACM Press, New York, 2006, pp. 140-149]. Finally, as a consequence of our analysis we prove that the
Bethe approximation is exceedingly good for a random 3-regular graph conditioned on the shortest cycle cover
conjecture of Alon and Tarsi [SIAM J. Algebr. Discrete Methods, 6 (1985), pp. 345-350] being true.
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1. Introduction. We consider the problem of counting the number of independent
sets in a given graph. This problem has been of great interest as it is a prototypical
#P-complete problem. It is worth noting that such counting questions do arise in prac-
tice as well, e.g., for performance evaluation of a finite buffered radio network (see Kelly
[10]). Recently, the belief propagation (BP) algorithm has become the heuristic of choice
in many similar applications where the interest is in computing what physicists refer to
as the partition function of a given statistical model or, equivalently, when restricted to
our setup, the number of independent sets for a given graph. In this paper we wish
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to understand the effectiveness of such an approximation for counting independent sets
in a given graph.

BP is a simple iterative message-passing algorithm. It is well known that this itera-
tive procedure does have fixed points, which correspond to stationary points of the
Bethe free energy—for more details on the Bethe approximation and its relation to
BP fixed points, see Yedidia, Freeman, and Weiss [21]; also see the book by Georgii
[9]. However, there are two key problems. First, BP is not known to converge for general
graphs for counting the number of independent sets; indeed, there are known counter-
examples for other problems (see [17]). Second, given the BP fixed points, i.e., the Bethe
approximation, it is not clear what the quality of the approximation is. The main results
in this paper address both of these challenges. Before explaining our results, we provide a
brief description of relevant prior work.

1.1. Prior work. Previous work on counting the number of independent sets in a
given graph falls into two broad categories. The first and major body of work is based on
sampling via Markov chains. In this approach, initiated by the works of Dyer, Frieze,
and Kannan [6] and Sinclair and Jerrum [14], one wishes to design a Markov chain that
samples independent sets uniformly and has a fast mixing property. Some of the notable
results for independent set problems are by [12], [7], [16], [5]. These results show the
following: (a) for any graph with max-degree up to 4, there exists a fully polynomial
randomized approximation scheme using a fast mixing Markov chain, (b) there is no
fast mixing Markov chain (based on local updates) for all graphs with degree larger than
or equal to 6, and (c¢) approximately counting independent sets for all graphs with degree
larger than 25 is hard.

The second approach introduced by Weitz [18] provides a deterministic fully poly-
nomial-time approximation scheme for any graph with max-degree up to 5. It is based on
establishing a correlation decay property for any tree with max-degree up to 5 and an
intriguing equivalence relation between an appropriate distribution on a graph and an
appropriate distribution on its self-avoiding walk tree. We also note the work by
Bandyopadhyay and Gamarnik [2]: it establishes that the Bethe approximation is
asymptotically correct for graphs with large girth and degree up to 5 (e.g., random
4-regular graphs). As in [18] it also uses the correlation decay property. On the other
hand, it provides an o(n) bound for graphs of size n between the logarithms of the num-
ber of independent sets and the Bethe approximation.

In summary all of the above results use some form of a correlation decay property—
either dynamic or spatial. Furthermore, the generic conditions based just on max-degree
are unlikely to extend beyond what is already known.

1.2. Our results. In order to obtain good approximation results for graphs with
larger (> 5) max-degree, but possibly with additional constraints such as large girth, we
study the BP/Bethe approximation for counting the number of independent sets. As the
main result, we provide a deterministic algorithm based on the Bethe free energy for
approximately computing the number of independent sets in a graph of n nodes with
max-degree d and girth larger than 8dlogy n for any d.

As the first step toward establishing this result, we propose a new simple message-
passing algorithm that can be viewed as a minor modification of BP. We show that our
algorithm always converges to a stationary point of Bethe free energy for any graph for
the independent set problem. To obtain an e-approximate stationary point of the
Bethe free energy for a graph on n nodes with max-degree d, the algorithm takes
O(n?d*2%~*1og®(ne~')) iterations (see Theorem 2).
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We analyze the error in the resulting Bethe approximation using the recently de-
veloped framework of “loop series” by Chertkov and Chernyak [4], which characterizes
this error as a summation of terms with each term associated with a “generalized loop” of
the graph. As this characterization is applicable only for exact stationary points of the
Bethe free energy, we provide a bound on the error in the loop series expansion for
g-approximate stationary points. Though this approach provides an “explicit” charac-
terization of the error, it involves possibly exponentially many terms and hence is far
from trivial to evaluate in general. To tackle this challenge and bound the error, we
develop a new combinatorial method to evaluate this summation. We do so by bounding
the summation through a product of terms that involves what we call apples—an apple
is a simple cycle or a cycle plus a connected line. Along with the result of Bermond,
Jackson, and Jaeger [3], this leads to the eventual result that the error in the Bethe
approximation for the number of independent sets decays as O(n~") for some y > 0
for any graph on n nodes with max-degree d and girth larger than 8d log, n.

By replacing the result of Bermond, Jackson, and Jaeger by its stronger version, also
known as the shortest cycle cover conjecture (SCCC) of Alon and Tarsi [1], we obtain a
stronger statement for random 3-regular graphs: the difference between the logarithms
of the number of independent sets and the Bethe approximation is O(1) with high prob-
ability. This is in sharp contrast to the result of Bandyopadhyay and Gamarnik [2] that
does not assume the SCCC and suggests that the error is o(n) based on correlation decay
arguments (and also as expected by physicists). Thus we have an intriguing situation—
either the SCCC is false or the Bethe approximation is terrific for counting the number
of independent sets!" A byproduct of the technique used to establish the result for ran-
dom 3-regular graphs is the following algorithmic implication: it suggests a systematic
way to correct the error in the Bethe approximation, which could be of interest in its
own right.

1.3. Organization. Section 2 introduces the Bethe approximation for the problem
of computing the number of independent sets in a given graph and the error character-
ization based on loop series for this approximation. We also briefly discuss the BP algo-
rithm and its relation to the stationary points of the Bethe free energy. In section 4 we
describe a new message-passing algorithm for computing a stationary point of the Bethe
free energy for the independent set problem. We obtain its rate of convergence in
Theorem 2. In section 5 we analyze the error in the resulting Bethe approximation
for graphs with large girth. Finally, in section 6 we obtain a sharp bound on the error
of the Bethe approximation for random 3-regular graphs assuming the SCCC.

2. Background. Let G = (V, F) be a graph with vertices V = {1, ..., n}, edges
E C (}), and a (vertex labeled) collection of binary variables X = {X,|v € V}. Let
X, ={X,|ve A} for any A C V. We construct a joint probability distribution over
X as follows:

1) PrX=a) = [[ (-na)

(u,v)eE

for x = (z,) € {0,1}" and where Z is the normalization constant. By construction the
distribution of X is uniform over all independent sets of G, and hence Z is the number of

'An experimental study conducted subsequent to our initial submission suggests that the error between the
logarithms of the number of independent sets and the Bethe approximation does seem to be O(1) for random
3-regular graphs [20].
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independent sets in G. We will use the following notation throughout this paper: N (v)
refers to the set of neighbors of ve V, d(v) = dg(v) £ |N(v)| for ve V, and
d £ max, d(v).

2.1. Bethe approximation. We present the Bethe approximation for Z as a func-
tion of the induced node marginals {z,},. and pairwise edge marginals {z, ,}, ,cp-
The Bethe free energy (see [21]) is optimized over all {z,} and {z(,,)} subject to the
constraints that these are valid distributions and that the edge marginals are consistent
with the node marginals. For the problem of interest discussed here, one can check that
the following conditions must be satisfied:

‘E"’,,(O, 1) = Tv(l)’ Tu.v(lv O) = ‘E"(l),
(2) Tu,v(lv 1) =0, Tu,v(ovo) =1- 7"1)(1) - tu(l)'

Consequently, we have the following simplified expression (cf. page 83 of [17]) for

the Bethe free energy Fp:[0,1]" — R parameterized only by a vector y = (y,) € [0, 1]"
that corresponds to the node marginals {7,} via 7,(1) = y,:

FB(y) £ ZH(XU) - Z I(XU;X’U)

veV (u,v)eE
LY () - DHEX) + Y H(X,.X)
veV (u,v)€EFE
= Z(_yv In Yy + (d(U) - 1)(1 - yv) In (1 - yv))
veV

- Z (1 —Yu — yv) In (1 —Yu — yv)’

(u,0)EFE

where H(-) is the standard discrete entropy and I(-) is the mutual information. In the
above, (a) follows from I(X,; X,) = H(X,)+ H(X,) — H(X,. X,).

DermniTioN 1 (Bethe approximation). Let ©= (t,),cy be the node marginals
corresponding to a stationary point of the Bethe free energy F . Then the Bethe approx-
imation denoted by In Zg of In Z, the logarithm of the number of independent sets, is
defined as

In Zz =1n Zg(t) £ Fp((1)),

where t(1) = (7,(1)),ey € [0,1]™

We note that the gradient of the Bethe free energy VF3(y) = [%FT?] is such that

oFy

(3) —(d(v) =D (1—y,)+my,+ > In(1—y,—y,)

9y, ueN (v)

Let y* be a zero-gradient point (or stationary point) of Fp, i.e., VFp(y*) = 0, with y*
strictly in the interior of [0, 1]". From (3) it follows that

L=y —
(4) HUEN(?/)(* d<1§71 *y ) -1
(1 —g) Ny,
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We also make the following observation about a collection of node marginals
T =(1,),ey that correspond to a zero-gradient point of Fp, ie., 7,(1) = y; and

TU(O) =1- y;k):
() 7,(1) < 7,(0).

which easily follows from (4) where one can check that y% <1 /2.

Belief propagation (BP) (see [13]) is a widely used heuristic for approximating the
partition function Z with the key property that the fixed points of the BP iteration
correspond to stationary points of the Bethe free energy [21] (see also [17] for more
details). Therefore, if BP converges, one can directly compute the Bethe approximation
for the partition function. Unfortunately, BP can fail to converge even for the indepen-
dent set problem. We remedy this situation by describing a provably convergent algo-
rithm for computing stationary points of the Bethe free energy (see section 4).

2.2. Error in Bethe approximation: Loop series correction. Recently
Chertkov and Chernyak [4] showed that the partition function Z can be obtained by
“correcting” the Bethe approximation Zp as follows:

(6) Z=17g (1 + @;Ew(FO .

Here F C F are (edge) subgraphs of G, and the explicit form of weight w(F) can be
obtained as follows (see Proposition 1 in [15]). For F with any node having degree
1, we have that w(F) = 0. For all other F, called generalized loops,

) w(F) = (—=1)/F H (1) {1 + (=1)&® <ﬂ) dm)—l}

veVp TU(O)

for the independent set problem. Here, T = (t,),c represents the estimate of the node
marginals at a stationary point of the Bethe free energy, ie., 7,(1) =y and
T’U(O) =1-u

2.3. Near-stationary points of the Bethe free energy. In practice one is ty-
pically not able to compute stationary points or, equivalently, zero-gradient points, of
the Bethe free energy exactly. Thus, we introduce the concept of an e-gradient point: y*
is said to be an e-gradient point of the Bethe free energy if | VF(y*)|l; < e. Based on
the formula (3) for the gradient of the Bethe free energy Fjp, we have that?

Hue/\f(v)(l — Yy — yZ)

=1+e¢.
(1 —yp)do-tys

(®)

Indeed, the convergent algorithm that we describe in section 4 for computing sta-
tionary points of the Bethe free energy provides an e-gradient point, where ¢ is an input
parameter in the algorithm and the number of iterations required to compute an
e-gradient point depends on e. Further, the y* produced by the algorithm satisfies
(5); i.e., y* < (0,1/2)". See section 4 for more details.

*We say that f =1xeif B[l —¢,1+¢].
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If we let T be the node marginals corresponding to an e-gradient point, the Bethe
approximation for In Z denoted by In Zp, is defined as

ln ZB,E = ln ZB,E(T) é FB(T).

In the following section, we provide a loop series correction result for Zp,.

3. Loop series correction for Zp .. As discussed in section 2.2, the explicit loop
series formula (6) relating Z and Zp is known [4], [15]. However, the proofs in [4], [15] do
not naturally extend to the case of Zp .. This is essentially because an e-gradient point
may not necessarily be close to a zero-gradient or stationary point of F'gz. To resolve this
issue we present an “e-version” of the loop series expansion.

THEOREM 1. Let Z be the number of independent sets, let T be the node marginals
corresponding to an e-gradient point, and let Zp, be the corresponding Bethe approz-
imation. Then,

Z 2n w
o) 7= 00 (14 3 wi)

where w(F) = (—1)|F‘Hvevprv(1)[1 + (=1)d(v )(Z EO;)dF( )= 1].

Proof. We first start by recalling the proof in [15] for (6), which is the case ¢ = 0.
The authors first show that

7 w0\ Lys Ly
(10) 7= > =@ 1] %

B xé{oay eV (uv)eE Tu

Second, they prove (see Proposition 1 of [15]) that

(1) S et TT S5l —1e 3w

xe{0.1}" vEV (uv)eE Tt @#FCE

In the independent set model of interest here, the edge marginals t, , are determined by
the node marginals 7, 7, (see (2)). Therefore their proof for (11) still holds for a set of
node marginals T corresponding to an e-gradient point with & > 0. This is because their
proof for (11) does not depend on the properties of stationary points of Fz (hence, also
not on the quality of the e-gradient points), but only on the fact that the edge marginals
are consistent with the node marginals. Therefore to complete the proof of (9), it suffices
to show the e-version of (10), i.e.,

(1:&8 Z HTU Ly H M,

Be xe{0,1}" veV (w.v)eE T (.’L’ )Iv(xv)

(12)

where the summation is taken over independent sets x € {0,1}" and T represents the
node marginals corresponding to an e-gradient point y, ie., 7,(1)=1-y, and

‘[1)(0) =1- Yo-
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To this end, we obtain the following expression of Zg, in terms of y*:

Zpe = efs(y)

= Hy v X H yv )<1 W) X H (1 — Yy — yu)71+yv+yu

veV veV (wv)eE
- 1-y,
i 1:|:8 nHy Yo H(Hue/\/ v Yy yu)> y
veV veV Yy
x H (1 -y, — y,) " Foto
(u,0)EE
(I+e) nHy—l X H H —y)
veV vEV ueN (v)
x JT (=g, — g vt
(u,0)EE
(1+e) Hy*l X H (1—y, — g, )2 0¥
veV (uv)EE
X H (1 — Yo — yu)*Hyuﬂ/u
(u,0)EE
(13) (1 :l: 8 n yv 1 y“,
veV (u,v)EE

where (a) is from (8). On the other hand, for an independent set x € {0, 1}", each term of
the summation in (12) can be bounded as

et TT 55 [ e o we 11 Hﬁ
)v u

veV (u,0)€EE To(2) T viz,=1 viz,=0 viz,=lueN (v
0.0 ,
X ‘L' )‘L’ Yo X — Y
(u,0)€E:z,=1,=0 Y uw viz,=1 vIL,= viz, =1 ueN (v
Tu, 1)(07
I st Hyuxnlyvxn( )
(u,v)€E:z, =1, _O u viz,=1 viz,=0 v:z,=0 7

< I re0.0)= Hyl,xH(l_y> "

(u,v)€E: z,=2,=0 viz,=1 viz,=
Yy
X 1—y,— 1 + X
H n= (1) H_y” H_ II 1-v.—v
(u,v)€E:z,=1,=0 viz,=1 v:z,=0 e e
ueN (u)
1
X 1—y,—y,=(1xe)" b X —_—
H vo—yu= ()" [Joox [] pay—
(u,0)€E: z,=2,=0 veV (u,v)eE
(b) _ o 1
(1) B g =(xe s

where (a) is from (8) and (b) is from (13). Therefore, (12) follows from (14). This com-
pletes the proof of Theorem 1. 0
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4. Fast, convergent algorithm for Bethe approximation. As discussed pre-
viously, BP is an iterative heuristic procedure that is widely used to compute stationary
points of the Bethe free energy. However, BP does not always converge in general
(e.g., see [17]); in fact, one can even construct examples for independent set problems
in which BP fails to converge. Here, we propose a convergent BP-like alternative to
compute stationary points of the Bethe free energy for the independent set problem.
This procedure offers several of the advantages of BP in that it is a local iterative meth-
od, with the added benefit that it is always guaranteed to converge.

The algorithm computes an e-gradient point of the Bethe free energy F'p with the
number of iterations depending on e. The Bethe approximation corresponding to such
an e-gradient point is sufficient for our purposes. We note here that computing such an
e-gradient point of F'z is not known to be easy in general since the underlying domain
[0,1]™ grows exponentially with respect to n.

4.1. Algorithm description. The algorithm described next computes y(t) =
(y,(1)),ev as an e-gradient point of Fg. It is based on the standard gradient descent
algorithm. The nontriviality lies in the choice of the appropriate step size, and subse-
quent analysis of correctness and rate of convergence.

o Algorithm parameters: number of iterations 7' > 0, y(¢) = (y,(?)) e - Initi-
ally, t=0 and y,(0)=1/4,ve V.

o y(t) = (yo(t)),ey is updated until ¢ < T

0Fp

9Y,

y(t+1) = y,(t) — a(t)

3

¥(%)

where a(t) =1/(2%7(d? + 6d + 2)v/t + 1). Recall that

oF g
oY,

¥(t)

= ((d(v) —DIn (1—g,(8) + g, () = D In (1—y,(1) - yv(t))>-

ueN (v)

e Choose an s < T with probability %, output ¥(s) = (¥4(8))pev-
1< T

4.2. Properties of the algorithm: Correctness, convergence. Next we state
and prove the correctness and convergence of the algorithm.

TureoreM 2. Lety(t) be the sequence of iterates of the algorithm, with y(s) being the
output chosen at random. Then, y(s) € (0,1/2)" and

nd*2? log T)

ElIV Fa(y(s))l12] = 0( e

where E[[VFp(y(s))II3] = mztlo a(OIVE(y(0)I3.
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Choice of T. Theorem 2 implies that for T = @(n?d*2%*log®(n /¢)), the algorithm
will produce an e-gradient point of Fz for any ¢ > 0.
Proof of Theorem 2. Recall that Fz:[0,1]" — R is such that

FB<y) = Z(yv In Yy — (d(’U) - 1)(1 - yv) In (1 - yv))

veV

+ > =y, —y)In (1 -y, —y,).

(u,v)€E

Now the updating rule of the algorithm is equal to

oF
Y,

Yot +1) =y, () — ()

¥(t)

We start by establishing that under the dynamics of the above algorithm with the cho-
sen initial condition and algorithm parameters, y,(t) € [0,1 /2] for all v € V at all itera-
tions ¢. For this we need the following three steps: with &, = 1 /29+2, ¢, = 1 /2446,

(15) ayB <0 ify,<2 and yeD=2 [51,5_ 82} ,
v
oF 1
(16) dyB >0 if y, > 5~ 2¢o and ye€ D,
JF'p 1 . 1
(17) o i §§ min {e,,&,} ifye€ D and a§2d+7(d2+6d+2)'

From (15)-(17) it follows that y(¢) € D; i.e., y,(¢) does not hit 0 or 3. Hence, we have
that y,(-) € [0,1/2] for all v € V under the algorithm’s iterations.
Proof of (15). Observe that

oF
aB:(d(v)_l)ln(l_yv)+lnyv_ Z ln(l_yu_yv)
Yo WEN (v)
1 Yo 2%, 2%,
<lny,—dln <—yv):1n =In <In <0,
2 (% - yv)d (1 - 2yv)d 1- Qdyv

where one can easily verify each step using the conditions y, < 2g; = 24% and y, < % for
u € N(v).
Proof of (16). Consider the following:

oF
a_B: (dv) =D (1-y)+ny,— > W1-y,—y)
Yo ueN (v)
> (d(’U) - 1) In (1 - yw) +In Yy — Z In (1 — & - yv)
ueN (v)
\ 1—¢;—y, \ 1—¢e;—y, \
—In Yo _ Z In &1 Yy 2 In Yo —In &1 Yy —In Yo
1- Yo ueN (v) 1- Yo 1- Yo 1- Yo 1- &1 =Yy
S22 5y
5-’—282 — &1
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where each step can be verified using y, > § — 26y =4 — 545 and y, > & =

u € N (v).
Proof of (17). This follows from our choice of «, since for y € D

oF
2t -0 @+ Y W)
Yo
u€N (v)
1—y —
< ’hl Yo _ Z In 1yu Yo
Y ueN (v) Y
1 -y —
< —In Yy o Z In Yu Yy
1- Yo ueN (v) 1- Yo
2
I L dn o2 < —Ine; —dln 2,
1-— &1 3 —+ E9
(18) =(d+2+d(d+5))ln2<d*+6d+2,
where each step follows from y € [e1,1 — &,]".

1021

2d+7 for

We have established y(¢) € D as a consequence of the above three steps, which
shows that the algorithm is well defined; i.e., y(¢) is always in the valid domain D.

Now we consider the dynamics
y(t+1) =y(t) — a(t)VFp(y(t)).
Using Taylor’s expansion,
Fp(y(t+1)) = Fp(y(t) — a(t) VFp(y(1)))
= Fp(y(t)) = VFp(y(1)) - a(t)VFp(y(t))

(19) + 5@V FH( (1) - R-a())VF5(y(1).

where R is an n X n matrix such that

2FB
0Y,0Yy

|R11w | = sup
yeB

and B is an L, -ball in R" centered at y(¢) € D with its radius

oF
Y,

7 = max

veV Ol(t)

o

From (17) we know r <1 min {&,,&,}. Hence, y € [¢, /2,5 — &, /2]" if y € B. Using

this, we can get a bound for supycp |%| as follows:
o If u=w,

PF

Y3

_‘ d(v)—1+1 1
L=y, ueN(,)l—yu—yv

2 2d
L > <=+ = 0(d2).
Yo ueN (v 1 —Yu — Yo & &2
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o IfweN(v),

1 1
— <— = 0(2%).
1_yw_yv 2p)

*Fp
0Y,0Y

e Otherwise, a‘?/ g" =0.

Therefore, using these bounds with (18), the equality (19) becomes

Fp(y(t+1)) < Fp(y(t)) — a()IVF(y(1)I15 + o?(1) O(| E]d>27)
(20) = Fp(y(1) — a(t)IVF(y())I13 + a*(t) O(nd®2%).

If we sum (20) over ¢ from 0 to T — 1, we have

T— T-1
(21)  Fu(y(T)) < Fp(y a()IVFp(y())I13 + O(nd®2%) > " a(t)
t=0 =0

,_.

Since |Fp(y)| = O(nd) for y € D, we obtain

T-1 T-1
(22) a(OIVFp(y())I3 < O(nd) + O(nd®2%) }_a*(1).
t=0 t=0
Thus, we finally obtain the desired conclusion:
T
E[lIVF5(y(s))l13] Za IV F5(y(4)I3
Zf 0 t=0
1 T—1

n nd52¢ o2
Zth()<O( d)+0(d2)t (t)>

@0(2;‘9 (O(nd) + 0( dQ) log T)

_ O(nd42d log T)
- 7T ,

Il
o

where (a) follows from our choice of a(t) = ®(2d - \[) This completes the proof of

Theorem 2. O

5. Correctness of Zy , for graphs with large girth. The algorithm in the pre-
vious section provides an e-gradient point of the Bethe free energy F'gz. This leads to the
Bethe approximation, In Zp, (or Zp,), of In Z (or Z) for the (logarithm of the) number
of independent sets of any graph G. Here we establish that the estimation Zp, is asymp-
totically close to the desired value Z for graphs with large girth. Formally the girth of a
graph is the length of the shortest cycle (for trees it is c0). The formal result is stated

below.

TueoreM 3. Let g(G) be the girth of a graph G. If g(G) > 8d x logy n, then

A
ZB.E

=(1+e)?"(1+0(n7)),

where y = 4(8d1<0g) ~-—1)>0.
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We note here that this theorem when combined with the algorithm of the previous
section gives a polynomial-time approximation alg orithm for counting independent sets
in graphs with girth larger than 8d log, n when the maximum degree d is O(log n).

5.1. Proof of Theorem 3 We start by introducing the notion of apples—a special
class of connected subgraphs of G.

DErFINITION 2 (apple). A connected edge subgraph C C E of G is an apple if (a) itis a
cycle, or (b) it is the union of a cycle and a line; i.e., two vertices vy, vy € C have
do(vy) =1, do(vg) =3, and dg(v) =2 for ve Vo \{v, v}

Given estimates for the node marginals 7,(1) /7,(0), v € V, corresponding to an &-
gradient point of F'g and an apple C' C E, define the weight of C as

1/2d

(23) w(C) = H{u,v}EC ?El)rv(l)

0) 7,(0)

As the first result, we will establish the following bound on the summation of weights

over all apples. The proof is presented in section 5.2.
Levma 4. Let g = g(G) be the girth of G with g(G) > 8d logy n. Then

> w(C)=0(n)

CCE

over all apples C and where y = 4(8dgl(o?, -—1)>0.
To establish Theorem 3 from the g-version of loop series in Theorem 1, it is sufficient

to show that

(24) S Ju(F)| = O(n).

@#FFCE

We first bound the term ) o pc p|w(F)| by the summation ) -y @(C) as follows. The
proof is presented in section 5.3.
Lemva 5. For any graph G,

14+ Z |w(F)| < eXecs®(0),
@#FCE

Now from Lemmas 4 and 5, as well as the fact that e* = 1 + O(z) for z = O(n~7) with
y >0, the desired bound (24) follows immediately. This completes the proof of
Theorem 3.

5.2. Proof of Lemma 4. The key to the proof of Lemma 4 is to (*) bound the
number of apples of a given size (i.e., the number of edges), and (**) bound the weight
of an apple of a given size. As we shall show, under the large girth condition of
Theorem 3, the product of (*) and (**) will decay exponentially in the size of the apple.
This will prove the claim of Lemma 4.

To this end we first bound (**), i.e., the weight of an apple of a given size, say k.
We state the following proposition.

ProposITION 6. For any apple C of size k, 0(C) < 2-*/2d),

Proof. From the definition of w in (23) it is enough to show that
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for (u,v) € C. Note that
T?}(]‘) + Tu(]-) = ":u,v(o7 1) + Tu,v(]-’o) < 2ru,v(070) = 2(1 - 771)(1) - Tu(]-))v

where each inequality (or equality) follows from the properties® noted in (2) and (5).
Thus we have

wl o

(25) (1) + 7,(1) <

for (u,v) € C. Also 7,(1) <1/2 and 7,(1) 4+ 7,(0) = 1. Using these, we obtain the
desired bound:

7,(1)+7,(1 2 2
o) 1) () @f wihed @( 5 ) 1
T

Here (a) follows from Jensen’s inequality and the convexity of log ;%= when 0 < 7,(1),
7,(1) <1/2. For (b) we use (25) and the monotonicity of f(z) = a
Next, we bound (*), i.e., the number of apples of a given size
PRroPOSITION 7. Gliven girth g = g(G) > 8d logy n for graph G, the number of apples
of size k is at most n*(e*/)k, where ¢; = g/In n.

Proof. Let C be a given apple. If C has a degree 1 vertex, say v, then define it as its

=l o=
??‘\‘m‘
R.'

starting vertex; otherwise if C'is a cycle, let the starting vertex be arbitrary. Now con-
sider T',(G), the self-avoiding walk tree (cf. [L1]) of G rooted at v € V. It is easy to see
that there is an injective map from the apples of size k with starting vertex v to the paths
of length k (i.e., having a leaf at level k) starting at v in T,(G). Given this injection, it
follows that the number of apples of size k with starting vertex v is at most the number of
leaves at level k of T,(G). Now the number of nodes up to level g /2 (where g is the girth,
g=g(@)) in T,(G) must be at most n, or else there will be two nodes in T,(G) at level
up to g /2 that are copies of the same vertex, leading to the existence of a cycle of length
less than gin G. For the very same reason, it also follows that any subtree of T,( G) must
have at most n nodes up to (its) level g /2. Using these properties, it can be shown that
the number of vertices (and hence leaves) up to level k of T,(G) is at most

nlk/(@/2)] < p@R/9+1 = p(e2n/g)k,
Now since there are n possible starting vertices, the number of apples of size k is at most
n2(82 In n/g)k — n2(62/cl )k'
This completes the proof of Proposition 7. a
To complete the proof of Lemma 4, consider the following. From Propositions 6

and 7,

*As we discuss in section 2.3, the node marginals from an e-gradient point produced by our algorithm sa-
tisty (5).
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Z ﬁ](C) < Zn2(62/c1)k2—(k/2d) = n2 (Zak)

CCE k>g k>g

g
< n? (1 5_ 5) = O(n*na %) = O(n77).

Here we have used ¢; = g/In n > % and the definition

5 A 27(1/2(1)62/(:1 _ 67(1/2(1)111 242 /¢, < 1.

5.3. Proof of Lemma 5. In this section we are going to use the following result by
Bermond, Jackson, and Jaeger [3].

THEOREM 8. Gliven a connected graph G = (V, E) without a bridge (i.e., there is no
edge e € E such that G' = (V, E\ {e}) is not connected), there exists a list of cycles so
that every edge is contained in exactly four cycles of the list.

Inspired by such a result, we say that a list of apples { C;} is a good decomposition of
a given generalized loop F if it satisfies the following conditions:

F=[]JC; and |w(F)|§H{u(C,~).

Observe that the existence of a good decomposition for any generalized loop F' is suffi-
cient to complete the proof of Lemma 5. This is because

(26) 1+ > Jw@)| < [ +a(0) < [[ @ = eSees ),

@#+FCE CCFE CCE

where the first inequality is due to existence of a good decomposition for any generalized
loop F. Now we are left with proving the existence of a good decomposition for any
generalized loop in order to complete the proof of Lemma 5. This is what we do next.

First some notation: given a list of apples {C;} and F = C;, for (u,v) € F let
N (4,5 be the number of C; that include (u,v); let Ny = max(, ep Ny We have
the following result that uses Theorem 8.

ProposITION 9. For any generalized loop F = (Vp, Ep), there exists a list {C,} of
apples with N . < 4.

Proof. Assume F is connected, or else apply the argument to each connected com-
ponent separately. Now we will prove Proposition 9 by induction on | V|. The base case
when |Vp| =3 is trivial. Further, if F' has no bridge, Proposition 9 follows from
Theorem 8 since there exists a list { C;} of cycles (and hence apples) which cover every
edge exactly 4 times. Hence N, = 4. Now suppose F has a bridge. Then, we first claim
that

(*) F has a bridge e such that F'; is a bridgeless graph of size > 1, where F, is a

connected component of F'\{e}; ie., F\{e} = F | F,.

The claim (*) follows from the following recursive argument. Suppose a bridge
e(0) = e does mnot satisfy the claim; this means that both F;(0)=F; and
F5(0) = F, have bridges e;(0) and e5(0), respectively. Both ¢;(0) and e,(0) become
bridges of F as well. Consider e(1) = e;(0) with F\ {e(1)} = F;(1)J F5(1), and sup-
pose e(0) € Fy(1) without loss of generality. Then, either F;(1) is bridgeless or F'; (1) has
a bridge. In case F'|(1) is bridgeless, e(1) is the desired bridge of F. Otherwise if F';(1)
has a bridge, then we can recursively find a new bridge e(2) in F;(1). However, the size of
F1(1) is strictly smaller than that of the previous component F;(0) since e € Fy(1). We
can recursively reduce the size of F'; () until we find the desired bridge e(-) € F(-). Since
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the size of F; () is always greater than 1 (otherwise one of the vertices in the bridge e(-)
has a degree 1, hence contradicting the fact that F is a generalized loop), this recursive
procedure eventually finds the desired e(-) € F,(-).

Let e = (u, v) be the bridge in the claim (*), where u € F; and v € F5. There are two
cases: (a) dp(v) = 2,and (b) dp(v) > 3. First consider the case (a), and let w be another
neighbor of v other than u. If we remove v and add a new edge (u, w) in F, the new graph
F’ is also a generalized loop. Since |V | = | V| — 1, we can apply the induction hypoth-
esis and find a list { C%} of apples with N, <4 on V. The desired list { C;} to cover F
is naturally constructible from { C;} by adding the vertex v to €', which includes (u, w).
Now consider the case (b). In this case, Fy is a generalized loop. Hence from the induc-
tion hypothesis, we can find the desired list {C?} of apples to cover Fy. On the other
hand, since F is a bridgeless graph, F; is covered by a list { C}} of cycles with N, < 4
from  Theorem 8. Without loss of generality, let C} be the
cycle which covers the vertex u. Then, the desired list of apples is {C}J(u,v)}
{C}:i> 2} J{C?}. This completes the induction. O

Finally, to complete the proof of Lemma 5, consider the list of apples produced by
Proposition 9 and observe that

2/(Nuax-d)

1/2d
7(1) 7,(1) () 2.(1)
cono) = ULz @m0

1/d
(11, 20m0) /
- (wo)eF 1'“(0) ‘EU(O) ,
<1 and N, <4 for the inequalities. Hence, we obtain the desired
VI (BW)Y L )
Vi \7,(0) 7,(0)

r;,(O) > 11 rv(l){1 + (=1)dr(® (Z:Eé;)d“”“}

veVp

1:[ ﬁ}(cl) = Hi H(u,v)eC,

2/(N )

Nwy)
B ‘L'u(l) T’U(l)
- H(Uﬂ)eF T“(O) TU(O)>

w(1)
7,(0)

where we use
bound:

[Tacc) =

V
E\
m
=
Q|
s =
—~|—
=1
S— [ —
Q|
S

~—
| =
S— [ —
N———

I

I
i
<
—
=
G
L ——
—
+
-
<
=
-

I
=
3

where the inequalities follow from ?E(? <1

6. Correctness of Z for random 3-regular graphs. In this section we consider
the error in the Bethe approximation for a random 3-regular graph. To obtain sharp
results, we will utilize the SCCC of Alon and Tarsi [1].

Consecture 10 (SCCC). Given a bridgeless graph G with m edges, all of its edges
can be covered by a collection of cycles with the sum of their lengths being at most
™m /5 = 1.4m.

We have the following result that implies that the difference between the Bethe ap-
proximation In Zp and In 7 is uniformly bounded, independent of n, with probability 1.

TaeoreEM 11. Let G be chosen uniformly at random among all 3-regular graphs with
n vertices. Assuming that the SCCC'is true, there exists a function f:(0,1) — R* so that
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|In Z —In Zp| < f(e) with probability 1 — ¢,

where % In Zp ~1n 1.545.
6.1. Proof of Theorem 11. From (6) it is equivalent to show that

In <1+ > w(F))

GFFCE

< f(e) with probability 1 — e.

Similar to the case of large-girth graphs, we consider ) o pc p|w(F)|. First, we show that
it is less than h(e) with probability 1 — e for some function h:(0,1) — R*. This gives us
an upper bound, i.e.,

(27) In <1+ > w(F)> <In <1+ > |w(F)> <In (1+ h(e)).

G#EFCE @FFCE

The details are explained in section 6.2.

If we have h(e) uniformly bounded below 1, say always at most 1 /2, for example,
then (27) would be sufficient to establish the claim of Theorem 11. In order to show this,
we need additional proof techniques to obtain an appropriate lower bound on the quan-
tity of interest. This lower bounding technique needs a longer explanation and is pre-
sented in section 6.3. Note that our lower bounding technique is essentially an algorithm
that tries to “correct” the error in the Bethe approximation in a systematic manner by
means of the loop series characterization.

6.2. Upper bound. As discussed in section 6.1, we show that ), pcp|w(F)| is
less than h(e) with probability 1 — e. To this end it is enough to prove that

In <1+ > |w(F)>

@FFCE

(28) E = 0(1).

If (28) holds, we can choose h(g) = ¢?1/2) — 1 by Markov’s inequality. If G is a 3-regular
graph, we can find the explicit homogeneous stationary point of F'z. From 4 and setting
yy = z for all v € V, we obtain

(1-22)%

(1—-2)2z 7
where such a z can be found numerically to be z ~ 0.241. Furthermore, the correspond-

ing Zp can be calculated as In Zp ~ n In 1.545.
Lemva 12, If G is a 3-regular graph and the SCCC is true, then

In <1+ > w(F)|> <Y @)
@#FCFE CCE

over all apples C and where @(C) = !¢l and a £ (2(1 — 2))?/3*14) ~ 0.48.

Proof. The proof of this lemma uses arguments similar to those used to establish
Lemma 5. Specifically, it suffices to find a good decomposition (list of apples) {C;} for
any generalized loop F' such that

F=[]JC; and |w(F)|§Hﬂ;(CZ~).
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Using arguments similar to those used to establish Proposition 9, but with SCCC re-
placing Theorem 8, it can be guaranteed that there exists a list of apples, { C;}, such that

(29) F=JC; and Y |C,|<14x|F|

Then

[Tacc) =]«

T

(30) = a2l0,

On the other hand, |w(F)| can be bounded in terms of & as follows:
1)\ dr(v)-1
() = ] Tw(l)[l T (1)t <rv< >> : ]
veVp TU(O)

(%) H (2(1 — 2))\dr(0)/3

veVp
= H a((3x1.4) /2)x((dp(v)) /3)
veVp
(31) — v (14X dr(v) /2 _ o 14x|F|

where the inequality (a) can be established in each of the possible cases dp(v) = 0,1,2,3
using the explicit values of 7,(0) =1 — 2~ 0.759 and 7,(1) = 2z~ 0.241. Further, the
inequality (a) is tight only when dp(v) = 3. Therefore, from (29)—(31) (and the fact that
o < 1) we have

w(p) < [Ja(c). O

It follows from Lemma 12 that to establish (28) we need

(32) E[Z w(C)

CCE

= 0(1).

Let Ry, A;, be the number of cycles and apples, respectively, of size k in a 3-regular
graph. Then

(33) A <) R xix 2t

i<k

since apples can be made only by attaching a line to a cycle. It is well known [19], [8] that
the expected value of R, for random 3-regular graphs is at most 2°~! /k. Using this fact
and (33), it follows that the expected value of A}, for random 3-regular graphs is at most
k2F=1. Therefore, the desired bound (32) can be obtained as

E[Z w(C) ZAkak] <Y k2tlat = 0(1),
k k

CCcE
where the last inequality follows from o = 0.48 in Lemma 12.

=E
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6.3. Lower bound. Using (33), it follows that

S B(C) =) At <IN R xix 2t gk
k k

CCcE i<k

=> > Ryxix2iat

i k>

B i i (2a)°
- Z:Ri?z@“)k = Z:Riil g

k>i

1
1— 2«

(34) = ZRii(a)i < ¢y X ZRi(o.zxg)i 2 0(@),

where ¢, is a constant that depends on o and the last inequality is due to o & 0.48. One
naive way to define ¢, is as follows:

1 ; i
0

T1-2a i (0.49)"

Ca

where ¢, is a finite constant since @ ~ 0.48 < 0.49. Once ¢, is defined in this manner, the
last inequality in (34) holds trivially since each term 3 R;i(er)" is dominated by the
corresponding term ¢, x R;(0.49)" for all i. We state the following lemma, which is key
to the proof of the lower bound.

Lemva 13. Given a random 3-reqular graph G on n vertices, there exists another
3-regular graph G' = (V', E') with V C V' such that with probability (over the random
choice of G) 1 — &, we have

1. |[In Zp(G') —1n Zp(G)| <T(e),
2. |In Z(G')—In Z(G)| <T(e), and
3. p(G) <0.5.

Here I'(g) is some ¢ dependent constant, independent of n.

The proof of this lemma is deferred to section 6.3.1. We show how it implies the
desired lower bound. Since p(G’) < 0.5,

26 .

7@ ' 2,

>1— Y |u(F)|
@#FCE'

() .
>1 — (eZCcE’ w(C) _ 1)

b
(>)2 — % > 0.3,

where (a) is from Lemma 12* under the SCCC assumption, and (b) follows from (34) and
p(G") < 0.5. Using properties 1 and 2 of Lemma 13, it follows that In Z(G)—
In Z5(G) > —2T'(¢) — O(1), which completes the proof of the lower bound.

“Recall that Lemma 12 uses only the fact that the graph under consideration is 3-regular, but does not
require it to be “random.”
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6.3.1. Proof of Lemma 13. We start by defining the operator () on 3-regular
graphs. Figure 1 illustrates the definition of ).
DermNiTION 3. Given connected 3-regular graphs Gy = (V, E}), Gy = (Vy, Ey) and
an edge e = (vy,v,) € E|, create a new 3-regular (G, e) &) G, as follows:
1. Construct the union of Gy and Gy, G = G, |J Gy—a disconnected graph with
connected components as Gy and Gsy.
2. Add the two vertices vy, vy that compose the edge e, and remove an edge, say
(v3,vy), from Gy arbitrarily.
3. Remove edge (vi, v9) from G, and add edges e; = (v, v3), ey = (vy, vy).
4. Finally, contract e; and ey.
We study the effect of operator () on the function p defined in (34). Let
G3 = (G, e) O Gy; we are interested in bounding p(Gs) in terms of p(G;) and
p(G5). By the definition (34) we have that p(G3) is a summation of terms over simple
cycles of Gy. Simple cycles in Gy can be classified into three types: (a) cyclesin Gy \ {e},
(b) cycles in G, and (c¢) cycles which intersect both G; and G,. For cycles of types (a)
and (b), the contribution to p(G3) is at most p (G \ {e}) and p(Gs), respectively. On
the other hand, consider simple cycles of type (c¢). Specifically, let Rs be one such simple
cycle. Then it can be thought of as the union of R; \ {e} and R, \ {e,} for some e, € Ry,
where R; and R, are cyclesin Gy and Gy, respectively. For this reason |R3| = |R;| + | R,
and it follows that the contribution of R3 to p(G3) is at most

(0.49)!s = (0.49)111 x (0.49)/%!,

Using this, the contribution of the cycles of type (c) to p(G3) can be bounded as

(p(Gy) — p(G1\ {e})) % p(Gs)  (p(Gy) — p(Gi\{e})) x p(Gy)

Ca Ca Ca

Cq X

)

where p(G;) — p(G; \ {e}) describes the contribution of cycles containing { e} to p(G,).
Thus

(35)  p(Ga) < p(G () + p(Ca) + (p(Gr) — p(Gr \{eh)) X p(Ga) x -

o

Therefore, if p(Gy) < min{MB(Gl\{e}),%} with B> 2, p(Gs) can be bounded as
follows:

Gy G, (lee)QGQ

Vg

€ 8~ ©) & - U1 = U3
/'UI V2 V3

V2 = U4

Fic. 1. 3-regular (G, e) O Gy is created from 3-regular graphs Gy and Gy as per Definition 3.
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p(Gy) < (G {e}) + 214 */;(Gl \{e)) | p(G) —;;(Gl \{e})

= (G \ ) + 2 (p(G) — p(Gr\ {eh)
(36) =06~ (1-2) (6l = p(G\ (o))

Equipped with our understanding of the effect of () on p and (36), we describe the
following procedure for constructing the graph G’ desired in Lemma 13. Given a random
3-regular graph G, generate G’ iteratively as follows:

e Initially, let ¢t =0, and let G'(0) = G.

e Let g be the smallest number such that ¢, ), R;(0.49)" < 0.25, where R; is the
number of cycles of length 7 in G.

e Repeat the following until G'(¢) is left with no cycle of length less than g:
1. Let R be the smallest cycle in G'(t). Choose an edge e; € R arbitrarily.
2. Set G'(t+1) = (G'(t), e;) © Gy, where Gy has a 3-regular graph that will

be chosen later.

3. Increment ¢ by 1.

e Output G' = G'(1).

First observe the following properties (*) and (**):

(*) In Zp(G'(t+ 1)) =In Zg(G'(t)) + In Zp(Gy)
since G'(t + 1), G'(t), Gy are all 3-regular and In Zp is just a linear function in the num-
ber of their vertices.

(**) In Z(G'(t+1)) <In Z(G'(t)) + In Z(G,)

since any independent set in G'(t + 1) can be decomposed into two independent sets in
G'(t) and Gy, respectively. In other words (*) and (**) imply that In Zz(G '(¢)) and
In Z(G '(t)) increase by at most a constant additive factor per round if the size of G5 is a
constant. Equipped with these observations, for establishing that G’ thus produced has
properties 1-3 of Lemma 13, it is sufficient to show that with probability 1 — ¢ the re-
peat-loop in the above procedure terminates in T’y (¢) steps, p(G’) < 0.5, and G, is of size
I'y(¢). Here and in what follows T'y(¢), I'y(¢), ..., are constants dependent on & and
independent of n. Recall the definition of p in (34):

G) =,y _Ri(0.49)".

For a random 3-regular graph, we have
E[R;] <271 /i.

Therefore, if we define appropriately large constants ¢ = I';(¢) and T'y(¢) so that

Ca Y _E[R])(0.49)' <cz 049 <025><5 and T(e ZIE

i>g i>g

the following two events happen simultaneously with probability 1 — & from Markov’s
inequality and the union bound:

> R <Ty(e) and ¢,y R;(0.49)" < 0.25.

i>g
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Clearly, under these events the repeat-loop of the procedure to generate G’ will termi-
nate in I'; (¢) steps as long as the graph G, is such that it has girth larger than g. There-
fore, the only remaining step toward completing the proof of Lemma 13 is to establish
existence of graph G, such that (a) it has size I'y(¢), (b) it has girth larger than
g =T3(e), and (c) the resulting G’ has p(G’) < 0.5. Suppose G, can be chosen so that
for all rounds ¢t < T'j(¢) with B > 2,

{p(G’(t))—p(G’(t)\{et}) C_oz}
B "B

(37) p(Gz) < min
Under this assumption, we obtain the following bound on p(G’) using (36) recursively:

p(6) < pl6) = 3 (13 ) 0(G' ) - p(E (0 )

t

<00~ (1-3) (Zet@®) - p(e)\ (e
(Qp(a) - (1 - %) Ca (ZR1(0.49)1‘>

o) (1-3)0(6) - 025)
< %p(G) +0.25.

Here, (*) is due to the fact that each cycle of length up to g is “broken” in one of the steps
t <T'i(e). Each term p(G'(¢t)) — p(G'(¢) \ {e;}) accounts for all broken cycles in round
t. Therefore, the bound used in (*) follows. For (**), by definition of g we have
CadisoRi(0.49)" < 0.25. Therefore, if we choose B = 8p((G), the desired bound p(G') <
0.5 follows.

In summary, we are now left with showing the existence of G, which has properties
(a) size 'y (&), (b) girth larger than g = I';(¢), and (c) the condition 37 with B = 8p(G).
The choice of B suggests that B =T(¢) (due to selection of an event that has prob-
ability at least 1 —¢). Consider

(38) p(G'(1) = p(G' () \{e}) = ca(0.49)7 =T5(e),

where we have used the fact that for ¢ < T (¢), a cycle of length at most g is broken and
its corresponding contribution to p(+) is accounted for in the above difference. Therefore,
we have

p(G'(1) — p(G'(1) \ {e})

(39) B

> T5(e) /Ty(e)-

Hence to satisfy (c), it is sufficient to show that there exists G, with arbitrarily small
p(Gy) and girth value with size dependent on the “smallness” of p(G,). But if we estab-
lish existence of such a Gy, then the condition (a) about its size follows immediately, and
the girth condition (b) will follow from the definition of p. This is established precisely in
the following proposition.

ProrosiTion 14. For any 6 > 0, there exists a 3-regular graph Go such that
p(Gy) < 8. Further, its girth is at least logy /.49 ().
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Proof. Recall that R; is the number of cycles of length ¢ in the graph G,. For a
random 3-regular graph, it is well known [19] that for 3 < r <1 log n, R, become
asymptotically independent Poisson random variables with mean p, = 2"~ /r. Thus,
for g < % log n,

(40) Pr(Ry=Ry=---=R, =0~ e

We divide the summation ¢, >, R;(0.49)" = 3", a; with a; = ¢, R;(0.49)’ into the follow-
ing three terms: Ay =32, a,, Ay =37 o) 1105 0y and Az =37 5110, 0, Define the
events FE;, F,, and E; such that E; is the event A4, =0, E, is the event

Ay < 2E[4,], and Fj is the event As < (3 log n)E[A3]. From Markov’s inequality,

Pr [Ey] >4 and Pr [E3] > 1 — #gn. For E; one can choose g = O(log log log n) from

40 such that Pr [E)] = ;. Therefore, we have

1
Pr|lEFINE,NE| >Pr|EF1NE Pr|E;]l—1>——+1—
r | 2 3] > Pr [ 5] + Pr [Ej] _210gn+ 3 log 1

—1>0,

where we use the union bound and the independence between E; and E,.° In other
words, all events F;, E,, and E3 happen with strictly positive probability. Under
the events E,, F,, and Ej,

p(Gy) < 2E[Ay] + (3 log n)E[A;3] < O(1) x (0.98)9 + O(3 log n) x (0.98)!/3 s — (

as n goes to oo since g = O(log log log n) also goes to co. Here, we have used the fact
that E[R,] < 2! /r. In conclusion, there exists a 3-regular graph G such that p(G5) is
arbitrarily small. Finally, the bound on the girth follows immediately from the definition
of p. 0

7. Conclusion. In this paper we considered the Bethe approximation for counting
independent sets in an arbitrary graph. We presented a simple message-passing algo-
rithm that converges to a near stationary point of the Bethe free energy for the inde-
pendent set problem for any graph. Our algorithm finds an e-gradient point in
O(n?e*log® (ne~1')) iterations for bounded degree graphs on n nodes. The algorithm
can be viewed as a * " time-varying”’ modification of the usual BP algorithm. Therefore,
our algorithm (and its adaptation to other problems) provides a fast, convergent
message-passing alternative to BP.

Next, to quantify the error in the Bethe approximation based on an e-gradient point
produced by our algorithm, we provide an e-version of the loop series expansion ap-
proach of Chertkov and Chernyak. This does not naturally follow from the proofs in
[4], [15] since they crucially depend on the exactness of the stationary point of F'p.

Finally using this e-version of the loop calculus, we establish that for any graph with
sufficiently large girth the error in the Bethe approximation for the number of indepen-
dent sets is essentially O(n™7) for some y > 0. In addition we find that for random
3-regular graphs, the Bethe approximation of the log-partition function (i.e., the loga-
rithm of the number of independent sets) is within O(1) (with high probability) of
the correct log-partition function assuming the SCCC of Alon and Tarsi; thus, either
the SCCC is false or the Bethe approximation is extremely good and stronger than
the prediction of physicists.

For the independence between E; and E,, we use the fact that events of cycles of length < % log n are
asymptotically independent from [19] as n — oo.
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